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Abstract

We study, in finite volume, a grand canonical version of the McKean—Vlasov equa-
tion where the total particle content is allowed to vary. The dynamics is anticipated
to minimize an appropriate grand canonical free energy; we make this notion precise
by introducing a metric on a set of positive Borel measures without pre—prescribed
mass and demonstrating that the dynamics is a gradient flow with respect to this met-
ric. Moreover, we develop a JKO—-type scheme suitable for these problems. The latter
ideas have general applicability to a class of second order non—conservative problems.
For this particular system we prove, using the JKO-type scheme, that under certain
conditions — not too far from optimal — convergence to the uniform stationary state is
exponential with a rate which is independent of the volume. By contrast, in related
conservative systems, decay rates scale (at best) with the square of the characteristic
length of the system. This suggests that a grand canonical approach may be useful for

both theoretical and computational study of large scale systems.
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1 Introduction

This paper concerns the evolution and the convergence to equilibrium for a certain class
of non-linear diffusion equations which may vaguely be described as of the McKean—
Vlasov or Keller—Segel type. Such systems have been well studied in recent years; here
the primary distinction will be that the total mass is not conserved locally in time
but, rather, is globally determined by the analogue of a Lagrange multiplier which
is known as the chemical potential (see e.g., [2], page 129). Secondly, we work in fi-
nite volume. This setting is arguably (see [5]) the physically sensible approach to the
mathematical study of approximately homogeneous fluids described by these dynam-
ics. Extensive behavior — static or dynamic — can only emerge as the infinite volume
limit of finite systems where the total mass scales with the volume. In this context, the
non—conservative setup (AKA grand canonical) has distinct advantages over its conser-
vative (AKA canonical) counterpart. Indeed, as is quite well known (see, e.g., [5]) the
latter generically has relaxation times which scale with a power of the characteristic
length of the system. Here (under some lenient conditions on the initial data and pa-
rameter values) we demonstrate an exponential convergence to equilibrium with a rate
that is uniform in the volume. Moreover, this will be proved under conditions where
the driving functional relevant to the problem does not necessarily enjoy convexity

properties®.

3These results should be contrasted with several notable earlier works e.g., [4] which treat systems in a
priori infinite volume and obtain exponential convergence to equilibrium with a rate which — necessarily — is
uniform in volume. The aforementioned pertain to conservative systems with finite mass; in the absence of
external constraints all mass would eventually drift away. So, in these works, mass is confined by an external

potential which render the setting to an effectively finite—volume problem. Moreover, the curvature of the



Our proofs of these assertions — precise statements will be presented at the close
of this section — require the parallel development of a theory of optimal transport for
non—conservative systems. In particular, as will be outlined in Section 2 below, this
necessitates the construction of a distance between positive L?>~functions (which, with
additional labor, might be extended to general Borel measures). And, associated with
this distance and dynamics — as presented in Section 2 — will be a JKO—-type scheme
[13], which constitutes the core of the proof.

Here it is remarked that, since the start of this research, there has been a parallel
development of some of these ideas in [19], [16] and [6] (also see [18] and references
therein) in the context of reaction diffusion equations. However, for us, the construction
of a framework is only the preliminary step: Our efforts culminate in tangible results
for the system which will be described in Eq.(8). Moreover, while our focus here is
on a particular equation, the methodologies we develop can certainly be applied to a
variety of similar systems.

On a more practical note, it is emphasized that while the equation we will study is
akin to a reaction diffusion system, the results we have obtained will not apply to actual
reaction diffusion systems which, ultimately, are conservative. In particular, unless the
overall density is already homogeneous, equilibrium times in reaction diffusion systems
will be dominated by diffusive modes which necessitates that the relaxation times scale

with the square of the characteristic length of the system. However, in the grand

confining potential provides uniform convexity which drives the exponential convergence. Scaling (or linear
response theory) immediately shows that the actual rate of convergence is the curvature itself which, in turn,
is the square of the effective length—scale of the system. The curvature dependence of the rate is explicit in

the statement of Theorem 2.1 in [4] (c.f. equation (2.8)).



canonical (hence non—conservative) versions of these reaction diffusion systems it is
anticipated that the convergence rates for uniform equilibria will be independent of
the volume; similar considerations apply for the types of problems treated in e.g., [4].

At this stage we must underscore some aesthetic limitations: While in conservative
cases, the JKO schemes necessarily pertain to the dynamic, the underlying distance
involved, usually the Wasserstein distance, is “universal” depending e.g., only on the
ambient space. In the current cases, as will become clear, what emerges is that the
distance itself evidently depends on the particulars of the dynamical equation. (A
somewhat analogous situation — in mass conserved cases — was considered in [9].) Nev-
ertheless we remark that even without the JKO scheme, the grand canonical approach
to this general set of problems may have distinctive advantages over the canonical ver-
sions. In this regard, it should be noted that for the problems studied here, for a.e. value
of the chemical potential, the steady state solutions of the two systems coincide. Thus,
while exponential convergence uniform in volume is not to be expected in the high
density phase, it is not too much to hope that in general the grand canonical systems
equilibrate in a reasonable computational time frame. The corresponding conservative
versions often appear to be computationally unviable.

The central focus of this paper concerns the analysis of an inhomogeneous version
of the McKean—Vlasov equation in which matter can effuse into and out of the system.
The usual conservative version can be derived in a variety of contexts; the original
rendition presumably dates back to [20]. The non—conservative version also admits
several derivations. For the purposes of this motivational section, we will provide, in
Subsection 1.2, a common (sketch of a) derivation based on familiar interacting particle

models. This has the distinct advantage that it connects directly to the thermodynamics



(free energetics) which underlie these evolutions. The latter, which can always be
analyzed without recourse to dynamics, is the subject of Subsection 1.1 below. In the
forthcoming subsections, there will be no pretense to a complete mathematical analysis

(however, a full derivation may emerge in some future work).

1.1 Motivation

Consider a function N(z,t) obeying the McKean—Vlasov dynamic

%]j = AN +V - (NVuwy) (1)

where

wy(z):= [ W(z—y)N(y) dy.

1

It may be assumed without too much loss of generality that W(-) depends only
on the modulus of its argument. While a variety of ambient spaces are possible, for
simplicity here and throughout this work, we will use T¢, the d-dimensional torus of
side length L as indicated above. The L'-norm of N is preserved in time and with
fTCLI Ndx =: 9L, this is precisely the problem studied in [5]. As is well known (e.g.,
this is discussed in [26], especially Ch. 8) Eq. (1) is a gradient flow with respect to the

Wasserstein distance for the (canonical) functional

1
Fy(N) := / (Nlog N — N) dzx + 2/ W(x —y)N(x)N(y) dzdy.
T4 T4 xTd

In the context of minima for .%y and/or evolution according to Eq. (1) it is preferable
that W satisfy a condition known as H-stability which, in the present setup, reads that
for all m(x) with m(x) > 0,
[, W pmmy) dedy 0,
T4 xT¢
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We take some time to recollect some results for the minimizers of .%y(-) all of which
are proved in [5] but some of which date back to an earlier epoch: See [15], [14], [10],
[11], [17], [12]. It is assumed throughout that TV satisfies the H-stability condition. If
¥ is sufficiently small, N = ¢ is the unique minimizer. When W is of positive type,
implying convexity of Zy(-), this actually holds for all ¢. Otherwise, the uniform state
becomes (linearly) unstable at ¢ = 9% which is given by the inverse of the maximum of
the absolute value of the negative Fourier modes of W. However, under fairly general
circumstances, the existence of non—uniform minimizers occurs at ¥ = ¥, < 9%, for
¥ > 9., the uniform state is no longer a global minimizer.

The grand canonical generalization of %y wherein the integral of N is not fixed is

given by

G, (N) = /T (Nlog N — [N + uN]) da + % /T W= N@N@ drdy (2

where, as mentioned earlier, u is called the chemical potential. Here it is seen that
the H—stability condition is, for all intents and purposes, essential. (It is also worth
noting that some of the older results alluded to above were actually established under
the jurisdiction of this grand canonical functional.) Let us summarize without proof
the essential results needed for the background of this work. For fixed u, the set of
minimizers is non—empty. There are well defined upper and lower integrated densities
(total mass) associated with each p both of which are realized by elements in this set.
These integrated densities are (both) strictly monotone and coincide for a.e. p. If p is
sufficiently small then the uniform state is the unique minimizer. The density in the

uniform state is given by My = Mo(u) and satisfies the equation

Mg = eHe WMo (3)



with w = fT% W (x)dx. It is noted that N = My is always a stationary state for 4,(-),
i.e., it satisfies the relevant Euler—Lagrange equation which is known in this context as
the Kirkwood-Monroe equation [15].

In particular, N = Mg remains the global minimizer till a point of discontinuity ..
is reached where the upper and lower densities do not coincide and, in fact, bracket
¥.. For values of p1 greater than p the uniform density is no longer the minimizer
and, at a strictly higher chemical potential, py — the value of p such that Mg = 9y —
the uniform state becomes linearly unstable.

The implication is that the non-uniform minimizer for .#y(-) at ¥ = 9., is non-
homogeneous and presumably cannot be understood without first understanding the
grand canonical version of the transition. Moreover, simulations of the canonical dy-
namics at ¥ ~ 9, may require unmanageable computational time scales till a non—
uniform minimizer is reached. See, e.g., [5] Theorem 2.11. But before such questions

can be addressed for the grand canonical problem, a dynamic must be presented which

corresponds to the functional ¢,,(-). This is the topic of our next subsection.

1.2 Dynamics

While it is clear on general grounds that the “correct” equation for grand canonical
dynamics involves the augmentation of Eq. (1) by inhomogeneous terms, the form of
these terms is not particularly obvious. Moreover, the guiding principle is somewhat
nebulous: The physics dictates an “intrinsic uncertainty” in the particle content of
the system; i.e., there is a probability distribution for the number of particles. Here,
this translates into an intrinsic uncertainty in | N| 1. While these matters are well

understood in equilibrium, it is not so clear how this uncertainty is supposed to prop-



agate dynamically. The answer lies in the stipulation that the (nebulous) physics of
this intrinsic uncertainty is equivalent, at the microscopic level, to the circumstances
where individual particles can appear and disappear according to (a) the energetics of
the complementary configuration and (b) a parameter, already mentioned, called the
chemical potential. In the remainder of this subsection we will provide motivation for
the form of the dynamics we wish to study, but this content is not essential to the
remainder of this work. The disinterested reader can proceed directly to Eq. (8).

Let us turn to a (brief and informal) discussion of the relevant lattice models both
in the context of equilibrium and dynamics. Since we have in mind a finite volume
problem in R?, or on the torus, let A C R (or A = ’]I‘C]-f) be some regular set and let
A, denote the intersection of A with Z¢, the integer lattice of spacing €. Letting V
denote the volume of A, the number of sites in A., denoted by |A.|, is approximately
|Ac| ~ e79V. We shall consider particle configurations X = (1, (j) € N | j € A.)

where here, N includes zero. Most of the discussion will concern the conservative case:

> mxli) =n,

which is considered to be fixed. We concern ourselves with an informal discussion of
the ¢ — 0 limit with the scaling ne? — NV for some N > 0. The advantage of the
lattice discretization is that it enables the usage of particle systems to induce dynamics
in a straightforward fashion.

We re-emphasize that we make no claims to a rigorous derivation; we simply per-
form the analog of the calculations done in [23] for the Ising case wherein the Cahn—
Hilliard and Cahn—Allen equations were acquired. Explicitly, we expand terms and,
scaling time appropriately and neglecting correlations, we retain only the leading order

in e. As we will see, the resultant equation for the particle density N at z € A is



given by %—]X = V2N +V-(NVuwy), i.e., exactly the McKean—Vlasov equation, Eq. (1).
Then, adding terms which allow the particle content to fluctuate, we shall arrive at the
dynamical equation we wish to study.

Let us now proceed with the discrete calculations. Starting with (non-interacting)
statics, we assign an a priori weight w(X) to each configuration X. Later this will
be augmented by an interaction expressed via a Hamiltonian. We choose, on a basis
which is not entirely physical, the weights

wX)= [ ] m0)] - (4)
JEA:

It is noted that

A n
ZW(X) = ZE,n,V = ‘ €‘| )
n!
X
so that, automatically
li ! log Z, NlogN — N
im —— = —
=50 |A5’ 08 Zig n, vV og )

which is the free energy of an ideal gas.

Next, still in the context of a non—interacting system, let us introduce transition
rates Tx.y, the rate at which the system exhibits the configuration Y given that it is in
the configuration X. For simplicity we will always restrict attention to transitions which
only involve nearest neighbor jumps of a single particle: Tx.y = 0 unless n,, (k) = n, (k)

for all k except a pair 4, j with ||i — j|| = ¢ in which case

UY(j):nx(j)il while %(UZ%(U?L

provided that this move keeps both 7, (j) and 7, (7) nonnegative. In other words, we

only allow transitions in which a single particle is transferred to a neighboring site.



If Q(+) is a probability measure on the space of particle configurations the transition
rates Ty, satisfy the condition of detailed balance with respect to Q if, for every

configuration X and Y

When detailed balance is satisfied, the measure Q is invariant for the process. For the
weights in Eq. (4) it is clear that detailed balance is satisfied if the rate of transfer of a
particle from a given site to a neighboring site is equal (or proportional) to the number
of particles at the (given) site.

In this case we equivalently have n particles executing independent random walks.
In particular, the behavior is weakly diffusive in the sense that if {2, is the generator
for this process, then
Qung(k) = D nx(0) = nx (k) := (Deny) (k). (5)

C:|0—k|=¢

The right hand side, the discrete Laplacian, is weakly of order £2. Since the left hand
side more or less corresponds to a time derivative, this necessitates that time be scaled

2 i.e., diffusive scaling. We shall consider this a sufficient discussion of the non—

by ¢
interacting case.

Let us now turn to the problem of interactions. In the context of classical equilib-
rium statistical mechanics, interactions are implemented by introducing a Hamiltonian
which is a real-valued function of the configurations that we denote by H(X). The
canonical equilibrium is defined as the probability measure on configurations which is

given by the weights w(X)e™ (X). As for dynamics, if T)’(:Y satisfies detailed balance

for the non—interacting cases, it is seen that if we define (regardless of the precise form
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of H) the rates

T

1 _
ey = T)’(:Ye2[H(X) HY)] (6)
then the resulting dynamics will satisfy detailed balance with respect to the canonical

measures. Here, we are interested in interactions which are of the mean—field type. For

r > 0, we let W (r) be a smooth function, then we may take the Hamiltonian to be

d
H(X) = 5 3 i (k) (OWies
k0

where Wy, ¢ is standing notation for W (||k — £||). In the above, the customary factor
of n~! has been replaced by €% and we also implement the convention that 1 (0) = 0.
It is noted that with the pre-factor of €7, the interaction associated with a single site,
i.e., €9y (€) 325 nx (k)W g, is of order unity whereas the total interaction is of order n
which is “extensive”.

Next we calculate the quantity 3[H(X) — H(Y)] for the case where a particle has

transferred from a particular site ¢ (where n, (i) > 0) to a neighboring site j. IL.e.,

ny(i):nx(i)_la ﬁy(j)ZUx(j)+1; ny(k):nx(k)a k #1,j.

(In the ensuing computations we will assume that ¢ is an interior site.) The result of

the above described computation is

Ed Ed
SUTX) = HY)) = =5 Wi + 5 3 (@) Wi = W)

We will neglect the first term and denote the second term by 3[A, (i) — A (j)]. Thus,

for the site 7, the rate of particle transfer from and to site j is given in the display
—ny (D)ezAx O=Ax O] 4 (j)e2lAx (D-Ax ()],

where the second term is calculated by interchanging ¢ and j.

11



We may expand these exponents, realizing that the differences A, (i) — A, (j) are
themselves of order . The preceding display then reads
, 1, oL 2\
i) (1 3140 — A + 5 (1A () — A+

2
+ 75 j) (1 — SIA@) — AN + 5 (;[Ax(z’) - Ax(j)]> T ) |

Now we claim that all but the first 2 terms in each of the expansions can be neglected.
Indeed, diffusive scaling indicates that we only need to retain to order 2. The terms
not written are a priori at least of order ¢ and higher. As for the third terms in the
preceding display: The presence of [Ay (i) — A4 (4)]? is already of order €% but then
they combine to yield the pre—factor of ny (i) — 7, (j) which is weakly of order e. Thus

we may stipulate that

1

Sk (1) +nx (DIAx (5) = Ax (@] (7)

Qe (i) = Y [k (G) =1k (8)] + 5

J:lli—ill=e
The first term in the above display has already been identified as the discrete
Laplacian A.n, (7). The second term can be written as
1 . . . .
5 Z [nx (z) + Nx (.7)} [Ax (]) - Ax (Z)]

J:llg—ill=e

=0 (D) D [Ax () = Ay ()]

jillj=ill=e
F30 2 Il — A () — Ax(i)]
Jilli—ill=e

Now we identify the first term on the right hand side as 1, (1)A: A4 (). To address the
second term, we recall the forward and backward lattice gradients (and divergences):

Let f(i) be a lattice function and és a standard unit vector, then

d
V() = [f(i +ebs) — f(i)]és
s=1
d
Vo f(i) = [f(i) = fi — eés)]és.
s=1

12



In this language, the term of interest becomes
1 _ : . .
5 2 k() = (DI[Ax () — A (9)]
Jilli—ill=e
1 . . _ _ .
=5 [VEnx (@) - VAL () + V ik (i) - Vo Ax (8)] -
To conclude the conservative case we observe that the stated dynamics for N(z,t)

in Eq. (1) reads (at least classically) that

ON
7 = AN+ V- (NVuy) = AN + NAwy + VN - V.

This has been formally reproduced by 2.7, the generator for the discrete process
acting on the particle density.

The preceding readily generalizes to the case where the particle content is allowed
to vary. In the context of equilibrium statistical mechanics this is implemented by the

introduction of the chemical potential, 4 € R, and defining the weights
W(X) = W(X) . efH(X) . eMZ]' nx(j)

of the grand canonical (probability) distribution for the configurations X. This is
formally the same as H — H — un (although, strictly speaking, the latter is not referred
to as a “Hamiltonian”) and the transition rates in Eq. (6) may be applied. Starting with
the case H = 0, we augment the result of Eq. (5) with the non—conservative transitions
allowing n, (k) — 1, (k) £ 1 at rate proportional to ezl — nx(k:)e_%“ (which may be
familiar in the context of birth and death chains). Inserting the full Hamiltonian, the
result for the non—conservative transitions becomes

1

Oy () o 2= Ax (M) gy ()em2 0 Ax (),

Consistent with diffusive scaling, we take the constant of proportionality to be €2 and

add the above O, to the old €2, from Eq. (7) in order to acquire the full generator. The

13



resultant discrete dynamics is then seen to be in correspondence with

687]:7 = [V2N + V- (NVuwy)] + [e%(#—ww) _ Nes—wn)| (8)

The equation above is the subject of our analysis. It is here noted that N = M is always
a stationary solution. The purpose of this work is to show that under conditions of
sufficient thermodynamic stability for Mg, and suitable conditions on the initial density,
the density converges to this uniform state exponentially with a rate that is independent

of the volume.

1.3 Statements of Main Theorems

We conclude this section by stating our main result. Hereafter, we shall use the notation
Mg to denote not only the numerical value but also the stationary density that is
identically equal to this value; it is assumed that no confusion will arise.

1

We need a few preliminary definitions: For x € (0, 5) we define the set of functions

1
B.={N:T¢ 5 R:kMy <N < =M}
K
Also, for a > 0 we define
vo. = sup [K[*|W (k)],
k

where f(k) denotes the k' Fourier coefficient of f:

fk)y= | fla)e™* da.

%
(The factor of L is restored in the inverse transformation.) Moreover, for a function

Y and any m > 0,
1 S
¥, = 72 > E[™Y (k). 9)
k
The main theorem is as follows:

14



Theorem 1.1 (Main Theorem) Let W be an H-stable interaction kernel with finite
range (i.e., W vanishes outside a ball of finite radius around the origin which is assumed
to be small relative to L). Under the regularity assumptions that vy < 0o and |[W||p, <
oo let us suppose that Mg is sufficiently small so that the conclusion of Proposition 4.1

1

holds for some v’ < 5. In addition, suppose the initial density Ny is in By and

|| log No||p, < 0.

Then we have that for all t,
Gu(N3) — G (Mo) < [Gu(No) — Fu(o)] - e M

for some AT > 0. Moreover, the same type of estimate holds for the L?~squared differ-

ence with the stationary solution:

1
1N — Mo|[22 < = [4(No) — Zu(Mo)] - e 't

g

for some o > 0.
Moreover we also have:

Theorem 1.2 Equation (8) induces a natural distance D(-,-) (as given in Eq. (18))
defined (at least) for Borel measures which have an L*-density with respect to Lebesgue
measure and are bounded below. Furthermore, there is a discretization scheme of the
JKO-type associated with this distance which converges to the continuum evolution. In

particular, we have exponential decay in D(-,-):
2 g9 At
D(Ni, Mo)* < [, (No) = Fu(Mo) e,
where M\t and o are the same as in the statement of the main theorem.

It is (re)emphasized that the convergence rate is uniform in volume; hence this

15



result may be regarded as a requite first step for the — as of yet unformulated — infinite

volume study of these fluids.

2 Otto Distance & JKO

For many mass conserving parabolic PDE’s — e.g., in particular Eq. (1) — the geometric
picture uncovered in [22] (see also the book [1]) has provided indispensable theoretical
insight as well as certain practical tools. However, for mass non—conserved cases, the
generalization of these ideas and their corresponding connection to some version of
optimal transportation has not been definitive. Here, with the tangibles provided by
Eq. (8) along with the functional ¢,(-) from Eq. (2) that this dynamic has a tendency
to minimize, we may parallel and — to some extent — extend, the developments of [22].
(We refer also to [18].)

In this section we will lay out the Riemannian structure underlying our evolution
equation by introducing an inner product on the space of measures and an associated
distance. Indeed, it is this underlying structure which motivates and clarifies the even-
tual exponential convergence to equilibrium. Associated with a distance is a natural
time discretization scheme, i.e., the JKO scheme, which we think of as an infinite di-
mensional analogue of an Euler scheme. In [13], minimizers of this scheme are used
to yield an approximate (weak) discretization to the underlying evolution; there, the
relation to the classical mass conserved transportation problem was used as a conduit
between this scheme and the original evolution equation.

In our case, instead of recourse to an explicitly pre—formulated transportation prob-

lem, we shall content ourselves with a Benamou-Brenier (see e.g., [3]) description of

16



the distance, i.e., it is realized as the infimum over a set of advective transportation
possibilities. Further, we shall consider an approzimation to the distance (over short
times) wherein our analogue of the continuity equation shall be linearized at the initial
density. It is with this approximate distance that we shall define our JKO-type scheme
in the next section. Our ideology, at least in this work, is therefore that the under-
lying abstract Riemannian structure should be used as a guide to what is ultimately
a very concrete approach. Thus we shall not provide too many rigorous foundations
for our discussions in this section; the basic results establishing that we indeed have a
reasonable distance can be found in Appendix B.

Our starting point is to consider a suitable collection B of Borel measures on TdL.
For the purposes of the current work, the setting which leads to the most expedient
developments is to consider measures given by a density which is positive and is also
in L?:

B = {v a Borel measure on T} | v € L? and v > 0}. (10)

What is to follow is motivated by writing Eq. (8) in advective form. The transport

velocity field, denoted by V, clearly takes the form !

)
V=—-Voy, with &y := % =log N — u+ wy.

The right hand side of Eq. (8) is obviously not identically zero. But, it is noted, it has

the same sign as ®x. Thus, we may rewrite Eq. (8) in the form:

%]Z:v'(quw)—QNch. (11)

Tn traditional fluid mechanics, see e.g., [27], it is the positive gradient of the velocity potential which

produces the velocity field. We adhere to the convention used in [22] wherein it is the negative gradient.

17



Here

—3(p—wn) _ o3 (p—wn)
Q= Ve e (12)
log N — p+wy

is seen to be positive and tending to a definitive limit (which incorporates into the
definition) if both numerator and denominator vanish. We regard Eq. (11) as the
fundamental advective form for the inhomogeneous case. In particular, we will say
that N is advected by @, if it satisfies Eq. 11 with &5 replaced by @ and with Qp
exactly as in Eq. (12).

We reiterate that our equation is of a form which is often referred to as one of a
reaction diffusion type. It is perhaps worth contrasting our case with the case studied
in [19] (see the final display of Section 1 therein) and [16]: Here, instead of a constant —
or a fixed function, as is studied in [6] — as the weighting factor for the inhomogeneous
term, we have the fully nonlinear term Qy/N.

For N € B let us consider the tangent space, 9y at N. This is understood as the
behavior at time ¢ = 0 of all trajectories in B passing through N at ¢t = 0 i.e., possible

values of 2N As in the mass conserved cases, these objects are in correspondence

ot li=0"

with potentials which advectively cause %—JX to take on this value: Specifically, for
M € Zn we may define Q = Q(M) to be the potential which satisfies the elliptic
equation

M=V -(NVQ) - QnQ. (13)
For My, My € Ty it is thus natural to define
gN(Ml,MQ) = —/ MlQQ dr = —/ MQQl dx. (14)
T4 T4
In particular (after an integration by parts)
gn (M, Ms) = /d N(VQ1-VQ2) + Qn(Q1 - Q2) dov =: (VQ1,VQ2) N (15)
TL

18



which is akin to a Sobolev inner product (for potentials) on T¢. It is manifest that
gn(+,+) is positive definite and therefore defines a requisite inner product for elements
of Iy.

Next, we will demonstrate that Eq. (8) can be envisioned as the gradient flow of
%,(-) with respect to this metric. First, let us use this metric gn(-,-) to define a

B-gradient. Consider a simple functional on B of the form

J(B) = » J(B,z) dx

where, e.g., J is of class C'!. The directional (Gateaux) derivative at N in the direction

M is defined by
dJ(N; M) := lim J(N +eM) = J(N)

e—0 IS

— when it exists — and is given explicitly by

0J
dj(N,M):/T%(SN

(N)- M dex.
Therefore, by analogy with the finite dimensional cases, we use the metric to define
the gradient via

dJ(N; M) := gn(VBT, M).

In light of the explicit form of the directional derivative, we may identify VpJ with
the associated advective potential g—]‘\]f.
This nearly completes the program. Consider a weakened version of Eq. (11) which

in the current language reads
ON
— | Q5 dz=(VQ,Voy)N
T% 8t

for some test function (. As above, we denote by M = M(Q) the solution of the

advective equation Eq. (13). We remind the reader that in the above display, ®n =

19



log N — p+wy = (Z% and so this form of Eq. (11) can be written as

ON 54,

) =~ OLVsg) (=- | M.

M
gn ( TN

Or, informally, against the backdrop of the given gn(-,-),

ON
— = —VBY,;
ot B7w
this then fully justifies the terminology “gradient flow”.
The above metric g(.(-,-) allows for a definition of distance between elements of B.

Foremost, for Vi, Vs € L? which are vector valued and Q1,Q2 € L? which are scalar

fields, we may define the inner product akin to that which we defined for gradient fields

(V1. Q1) (Va, Qo)) = / N(Vi - Va) + Qv Qi@ da. (16)

We emphasize that in this definition there is no a priori relationship between Vi and
@1, etc. However, notice that if V7 = V@Q1,Va = @2, the above notation coincides
with our prior use of (VQ1, VQ2) n; both notations will be used and the meaning shall
always be clear from the context.

In what follows (and in general in these contexts) we will use a subscript of ¢ to
denote time dependence — not to be confused with a partial derivative. Then, for N,
N1 in B we may consider the set of vector and scalar field pairs which drive N; from
Ny at t =0 to Ny at t = 1 according to the dynamics in the below display in such a
way that % remains in L2(T¢ x (0,1)):

¥ (No, Ni) o= {V € L2(N),Q € () | 0 49 (NiV) =~ Q
(17)

ON,
with Nj—o = No, Ny—; = N and aTt e L}
We claim that the set ¥ (Ny, N1) is non—empty since we may consider the straight

line path N; = (1 — t)Np + tN; and find a (time dependent) gradient field which
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drives N along this path. Indeed, here, % is given by Ni — Ny which is in L?. Now

given a curve in B indexed by N;, we may consider the Hilbert space (for potentials)
equipped with the inner product (¢,v)n, given by fol ((Vo,9), (V, )N, dt. Since
Ny is bounded from below, it turns out that Qy;, is also bounded below (c.f., Eq.(39)).
Thus, the L?> norm of a potential ¢ is bounded above by a constant times the norm
induced by the Hilbert space. It then follows that (integration against) N; — Ny can be
viewed as a bounded linear functional on the Hilbert space and so the required driving
gradient field is existentiated by the Riesz Representation Theorem.

We now define the distance D via

1
D*(No,Ni) = inf / (V.Q), (V,Q))w, dt, (18)
)Jo

(V,Q)€Y (No,N1

or, equivalently, for (V,@)’s in #7(No, N1) which drive Ny to Ny on [0,T],

T
2 _ .
DN M) = it T [ V.Q) (V. Q)

We remark that while the minimization problem is envisioned as minimizing over all
paths Ny : Ny ~» Ni, in fact the only paths which are conceivably of interest are
those which can be achieved by some (V, Q) as described. Since all of this is already
encoded in the definition of #(Ny, N1), minimization of the functional over this set is
appropriate and sufficient. It can be demonstrated that D?(-,-) is indeed the square of a
distance which separates points and that for all intents and purposes, any minimization
program for D?(-,-) may be carried out by considering only those fields which are

derived from a velocity potential. These results have been collected in Appendix B.

Remark 2.1. Here we emphasize that the existence of a distance between points in
B (and one may hope to presume all Borel measures on T%) automatically defines an

(abstract) optimal transport problem in this context: Indeed, the explicit realization
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of the distance as an infimum implies a transport problem wherein the “optimal path”
minimizes the relevant functional. It is unfortunate that these problems have not been

tied to an explicit Monge—Ampere or Kantorovich type formulation.

Having introduced the preceding metric structure on B and demonstrated the gra-
dient flow properties of Eq. (11) for the functional ¥,(-) with respect to this metric,

we may then consider the following JKO-type scheme:
1
Nyyp = Argmin{Q]D)Z(Nt, N) + h¥%,(N)}. (19)

This is a direct generalization of the scheme in [13] to these inhomogeneous cases.

3 The Approximate Functional

In this section we will proceed to construct an approximate functional whose mini-
mizers will explicitly yield a discretization of our equation. It should be emphasized
that JKO—-type functionals, even when summed up over all iterations, do not admit
a meaningful h tends to zero functional to be minimized — these are dissipative sys-
tems. In this sense, all such functionals are finite A “approximates”. An alternative
approach to discretization (which may have applicability to the system studied here) is
to construct regularized functionals, e.g., the so—called WED functional. Again in this
case, while there is strictly speaking no limiting functional, the limit of the minimizers
does correspond to a solution of the original system. See [24], [21], [25] and references
therein.

Here for motivational purposes it is worthwhile to understand the difference be-
tween our situation and the mass conserved case as treated in [13]. In the latter, the

exact approximate functional (e.g., as displayed in Eq. (19)) was employed. It was
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found that the minimizers were an approximate discretization converging to the rel-
evant dynamics. To accomplish these ends, virtually all of the existing machinery of
optimal transportation were deployed. This includes, but is not limited to: A well
formulated and well studied underlying transportation problem, the coupled measure
description for the Wasserstein distance, the pushforward formalism, a relation be-
tween the Wasserstein distance and variance, and, finally, the connection with the
Benamou—Brenier description via transport fields.

The key difference here is that no such ancillary machinery has as of yet been
developed for non—conservative problems. Indeed, all we have is the Benamou—Brenier
formalism — which here defines the distance itself. Thus, instead of deploying the exact
approximate functional, we shall use an approximate approximate functional whose
eract minimizers provide a discretization. The principle difficulty in our approach is
that the discretization arrived at is not as viable as the discretization acquired in [13]
which (still only) approximated the minimizers. Hence, here, to obtain the h tends to
zero limiting dynamics, an arduous, albeit elementary analysis is required. However,

these technicalities can be neatly quarantined and are the subject of Appendix A.

3.1 Definition and Minimization

The starting point of our program entails a discretization of the distance itself (for
small times). Let h > 0 which we envision to be small and consider times 0 < t < h.
Let us replace the previously described distance functional by one where NV, is replaced
in two crucial places by Ny. In particular, for all intents and purposes, under the
auspices of h < 1 we are replacing N; with Ny in the inner product: (-, )n, = (-, ),

and allowing this to inherit into the (approximate) dynamics. Starting with the latter,
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for fixed ¢ we write

ON;

Then the approximate distance is defined as

h
D? (No, Np) == igf/ h/ No|Vo[* + Qu,¢? dtda
0

T
where under the above approximate dynamics, ¢ gets us to N at time ¢ = h. (We
reiterate that since Ny, is considered fixed, corresponding to each ¢ is an interpolating
curve Ny from Ny to Nj.) With ¢ as argument (not necessarily minimizing anything)

we will denote the right hand side by E4(-):

h h
Balo) = h [ (V0. Vehdt = [ b [ NoIToR + 0, ? dra.

Under reasonable conditions, we expect that for fixed Ny there is a unique static field
which drives the system to N}, at time t = h. (See Eq. (21) in the statement of Propo-
sition 3.2 below.) Since we will be utilizing Hilbert space structures, it is pertinent

now to introduce notation for the relevant space of driving fields.

Definition 3.1. We let Hy, denote the Hilbert space (of driving fields) with the

weighted inner product

(V0. V0hn, = [ No(V6: V) + 00 do.
L
The dual space will be denoted by H]};.

Our first observation is that the static field ¢ described above actually minimizes

the approximate distance functional:

Proposition 3.2 For fizred N, — Ny € HJ_\,(l) and any driving field ¢, let D 4(No, Np)

and E4(p) be as described. Then the minimum for D (No, Ny) is achieved by the
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unique static ¢ € Hy, which satisfies

N, — Ny
h

=V - (NoV9o) — Qn, . (21)
Proof. Since Nj, — Ny is a bounded linear functional on H y,, the existence (and unique-
ness) of the required ¢ again follows directly from the Riesz Representation Theorem.

Let us adapt the temporary notation NtM for a density driven, according to the
approximate dynamics, in the time interval 0 < ¢ < h by the field ¢. A general driving

field which achieves Ny, at t = h may be written in the form ¢+ a with a (necessarily)

depending on time. We have, weakly,

9 a
SN = [NV (6 + )] — vy (6 + )
0
= aNF] +V - (NgVa) — Qppa. (22)

It therefore follows that if ¢ is a suitable time independent test function then

h
0= / B(V - (NoVa) — Qnya) dadt
0o Jrd

h
= —/ No(vw . VO() + QNOwa dxdt.
o JT¢
In particular, plugging in ¢, we have
h
/ No(Vo - Va) + Qn,pa dedt = 0.
o J1¢

Now we consider E4(¢ + «):

h
Ea(¢+a) = h/ /d No(|Vé +Val?) + Qo (6 + a)? dedt = Ea(¢) +Eala)
0o J1¢
where, by the preceding display, the cross term has vanished. Since E 4(«) is positive,

the result is established. O]

Definition 3.3. Given a fixed Ny, let us now consider the JKO type functional asso-
ciated with Dy4:

1
JaA(No,N) := imi(No,N) + h9,(N).
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Remark. Let us observe that if Ny € B then in fact Ny € 7-[;% Indeed,

1 1
I/Td Noo dz| < || Noll{ - |lv/ Nodll2 < | Noll§ - |/l -
L

We first show that the functional J4(Np,-) can be minimized.

Proposition 3.4 Let Ny € B. Then the functional J 4(Ny, -) has a minimizer in 7-[;,(1)

Furthermore, this minimizer is in L'.

Proof. For any Ny, we easily have that J4(Np,-) is bounded below. Explicitly, the
function Nlog N — (14 p)N is minimized at N = e* with value —e* whereas the term
involving W is positive by H-stability so (since we are in finite volume) the full free
energy integral is bounded below. The distance term is of course positive.

Let us then take some minimizing sequence NU) in 7—[;,3 By the observation in
Definition 3.3, since Ny € B, it is the case that Ny € ’H;,; and so NU) — N, € H]_Vé
We now consider the driving fields ¢() corresponding to NU) as given in Proposition
3.2 so that

NG — Ny =h [v - (NoVgl)) — szocb(”] : (23)

Now
D% (No, NW)) = h/ /d No| VoD [? + Qu, (¢19)? dadt
o Jr¢

must be bounded since the free energy is bounded below and, further, the right hand
side is just h? times <<Vq§(j ), Vol )>> Ny- We may therefore assert that along some further
subsequence, if necessary, qﬁ(j) converges weakly with respect to the inner product
structure to some ¢* € Hy,. Let us next define N* as the density corresponding to

this ¢*: We let N* € H;,; be such that for all ¢ € Hy,,

N = [ Now de — h/w No(Vé - Vib) + Q™) dar.

d
TL
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On the basis of the weak convergence of the ¢U)’s we claim that the N()’s have a
weak limit (in HX,;) and that N* is this limit. Indeed, letting ¢ denote some suitable

test function, we have

lim [ NYy da

| —>00 d
J T¢

= [ Nepdz—hlim | No(VeY Vi) + Q0P do
d

d | —>
T J—00 T

= Nop dx — h/}rd Ng(ng* . v¢) + QN0¢>*7Z) dx

T

= N*[u].
(We remark that the above realization of N* as a weak limit also implies that it is
nonnegative.)

On the other hand, we claim that N* is in fact (at least) an L'-function: It is
the case that N log N is integrable and its integral is uniformly bounded and so it
follows (by Jensen’s inequality) that |[N()| 1 is uniformly bounded. Thus we assert
that the associated measures converge vaguely and that the limit can be represented by
an L'-function which can then be identified with N* (see for example the exposition
in [7]).

We now claim that
limianA(No,N(j)) > Ja(No, N¥).
j—o0

The lower semicontinuity of the terms involving N log N — (1+ )N and the D? (Np, N)
term follow directly from convexity (indeed, D% (No, N (@)} is explicitly convex in the
variables ¢(7)).

Now we address the interaction term. First note that for any function M, we have
1 . .
[ W= pM@M@) dedy = 55 S W0NEP.
T4 xT¢ 2
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By the convergence of the N)’s to N*, it is clear that for any fixed k, we have
N (k) — N*(k).

Let us obtain an a priori estimate for N (j)(k): Explicitly, we have that

~

(N* = NOY(k) = —h | e [zk - No((Vo* — Vo) + Qp, (6" — ¢(j))] da.

d
TL

Taking absolute values and using Cauchy—Schwarz, we see that
(N* = ND)(k)| < Glk|

for some G < oo (for k sufficiently large).
Now we apply the formula for the convolution displayed above to the quantity
Jpa (W (N* = NW))(N*—NU)) dx to show that it tends to zero: We obtain (dropping
L

the factor of ﬁ)
Y Wk = ND)(k)[?
k

= Y WEIN* =N R+ Y W)V = ND) k)P
|k|<ko |k|>ko

for some fixed kg > 1. As j tends to infinity, the first term tends to zero. For the

second term, using the estimate derived above, we are left with

~

S WE)|E = NOYk)]? <G KW (k).
[ke|>ko k>ko

Since |W||p, < oo, the right hand side is the tail of a convergent sum and can be made
arbitrarily small. We conclude that lim;_,«, ng (WxNO)NU) dg = fT‘i (WxN*)N* dx.

It follows that
inf{J4(No, N),N € Hy'} = lim J4(No, N > J4(Ng, N*)
J—00

and so indeed N* is the minimizing element of 7-[;,(1) O
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We will hereafter refer to the minimizer found in the above as Np; while we cannot

yet claim that Ny is uniformly bounded below, we do have:

Proposition 3.5 Let N, € 7-[;% N L' denote the minimizer of Ja(No,) as given in

Proposition 3.4. Then Ny, is positive almost everywhere.

Proof. Let N € 7-[]:,(1) N L' denote any nonnegative function for which the quantity
Ja(No, N) is finite and let

So ={z: N(z) =0}.

Note that Sp is measurable since it is the complement of supp(N). If it were the
case that Sy has positive (Lebesgue) measure, then, we claim, it is possible to modify
N so as to lower J4(No,:). Indeed, let n be the indicator function of Sy so that
f s, M) dz =:ng > 0 is the measure of Sp. Now consider the modification N — N +en
for some (small) ¢ > 0. The key observation is that the effect of this modification on
all terms contributing to J4(No, ) except the entropy term (i.e., the Nlog N term) is
of order e.

We first observe that certainly n € H&é N L' and so by Proposition 3.2, there is
some 1 so that

n=V-(NoVt) — Qn, 1.

It therefore follows that if ¢ drives Ny to N (the subject of Proposition 3.2) then ¢+e1)
will drive Ny to N+en. For the distance squared term, note that e.g., ]D),%l(No, N+en) <

h2(”¢||7{1v0 + 8||¢||7.[N0)2. The interaction term also has a linear (and quadratic) e

modification with bounded coefficients. Meanwhile,

J

which is negative and of considerably larger magnitude as € tends to zero.

(N +en)log(N +en) — Nlog N dx = / nelogen dr = noeloge

? So
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Thus, since N, is a minimizer, the stated result follows. ]

3.2 Discretization

We are now ready to show that successively running our JKO type scheme yields a

discretization of our equation.

Proposition 3.6 Let Ny, € H;,(l) N L' denote the minimizer of Ja(No,-) as given in
Proposition 3.4. Then Ny, Ny yield a weak discretization of the dynamics in Eq. (8).

Le., for all ¢ € Hny,,

Ny, — Ny

[P v = [ NV, - T6) + OB (24
L L

i.e., weakly,

Np — Ny

= V- (NoVay,) — P, (25)

Further, ®n, € Hn,-

Proof. Let us denote by ¢ € Hpy, the corresponding (static) field which drives the
system from Ny to Nj in the time interval 0 < ¢ < h under the dynamics in Eq. (20),
as given by Proposition 3.4 (the ¢ here corresponds to the ¢* in the proof of Proposition
3.4). Temporarily, letting x > 0, we consider the variation Ny +— Nj + en with an 7
which is bounded, in 7-[;,(1), and is supported on the set {Nj,(x) > k}.

Now there is a corresponding variation in the driving field which we denote by &,
so that ¢ — ¢ + ey “drives” Ny to Nj + en. Since the relevant equations are linear, 1)

and n are simply related via
n=V-(NoVep) — Qn, ¢ (26)

and so given 7, the required ¢ € Hy, is given by Proposition 3.2.
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Now to lowest order in ¢,

0%,
g,u(Nh) — g,u(Nh) + 6/ 777'“ dxr = gu(Nh) + 6/ T]CI)Nh dx. (27)
ry ON v

It is readily verified that all higher order terms divided by ¢ tend to zero as ¢ tends to
zero (all coefficients are explicitly bounded since 7 is supported only where Nj > k).

Let us turn attention to the distance—type term. Here we have, exactly,
D% (No, Ni + en) — D% (No, Ny

:—/ (N), + en — No) (¢ + ) da:—/ (N, — No)ob da
9 T4

= / eng + e(Np — No)yp dx — 52/ Y dx;
T4 T4

L L

it is clear that the €2 term can be neglected. We now claim that the (Nj, — No)i—term

reproduces the n¢—term: Indeed we have, from Eq. (21), that

/Td (N, — No)v dx = h/d (V- (NoVo) — Qny@) ¥ de = —h{(Vp, V) N, . (28)

L TL
Since the inner product is symmetric, after a formal integration by parts, the role of ¢
and 1 can be exchanged and we use the weak form of the elliptic equation defining v
(as in Eq.(26)) to replace the expression involving v with 7.
In combination with Eq.(27) we now see that the stationarity condition for the

minimizer of J4(No,-) yields

/ n(¢ — @y, ) dz = 0.
T

d

L
This implies that ®, = ¢ on the set { NN}, > x}. By Proposition 3.5, the sets { N}, > k,}
for k,, — 0 are exhaustive and so k > 0 can be made arbitrarily small and we see that

Oy, = ¢ a.e. Since ¢ € Hy, we also conclude that &y, € Hpy,.
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Now to reproduce some discretization of the dynamics, we replace ¢ by ®y, on the

right hand side of Eq.(28) to obtain

0 :/ (Nh;NO> Y+ No(VOn, - V) + Qn, P, ¢ do (29)
T}

for all 1 € H,; i.e., weakly, Eq. (25) is satisfied. O

For W of positive type, the overall J4(Ny,-) is strictly convex and uniqueness of
Ny, is guaranteed. In the more general circumstances of present interest, uniqueness
will be established under the restrictive (presumably unnecessary) hypothesis that Ny

is classical.

Lemma 3.7 Given Ny € B which is also €', for h sufficiently small depending
only on Ny and various norms on W, there is a unique solution to Eq.(25) such that
Ny, € LY. In particular, at least in the case that Nog € €', the minimizer for Ja(No, )

from Proposition 3.6 is unique and so in fact log Ny, € Hn,-

Proof. Assuming the result is not true, let N,, N, € L' denote two purportedly dif-
ferent solutions to Eq. (25). We define ¥, := log N, and similarly for ¥;. We also
define

Nap := Ng — Ny, Wop := Uy — Wy,
From Eq. (25) we see that Ny satisfies
Nap =h [V - (NoV¥4a) — QUny V)
+ [V (No(VW % Ngp)) — Qg (W % Nop)J -

Assuming towards a contradiction that Ny, is not identically zero, we wish to consider

a set which we denote by S where the value N is sufficiently large.
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Let us examine the difference of N, and N, subtracting a fraction hcy > 0 from

the left hand side where ¢y is a constant to be determined shortly:

(1 — hCW)Nab = h [V . (N()V‘I/ab) — QNO\Ijab]
(30)

+h [V . (N()V(W * Nab)) — QNO (W * Nab) — CWNab)] .

We claim that on some set (corresponding to the S alluded to above) with a proper
choice of ¢y, the terms on the second line of the above display total to a quantity

which is pointwise negative, i.e.,

—hVab(x) =h [V : (N()V(W * Nab)) — QNOWab — CWNab] (QC) <0

for x in the presumed set. The fact that here —V,; < 0 is pertinent to the remainder of
the argument and to establish this negativity, we will need to consider the cases where
Ngp € L™ and Ny, ¢ L°° separately.

First suppose Ny € L™ and let mgp = || Ngp||loo- In this case we let

§ = {Nu > 52}, (31)

where without loss of generality we may assume that this set is of positive measure.

For example, for z € S, the term No(V2W * Ny) is easily bounded:
[Noa) (VW  Nu) )] = | Nofe) [ FW (= p)Nus(y) dy |
L

< map - Wal|Nol oo,
where Wy = fT% |V2W (y)| dy. The other terms are bounded proportional to mg;, as
well with constants now involving ||V Ny||ec, W1 (with W) defined similarly to Wa) and
10, [loo (which is finite since Ny € L*°). Now since z € S, we have Ngy(x) > 2mgp, so
the negative term —cyy Ny can be made to compensate for any positive contributions
from the other terms for cy sufficiently large depending not on h but only on the

particulars of W and Nj.
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Let us now address the case where Ny, ¢ L. We claim that a modification of the
preceding argument also shows —V,; < 0 on a modified version of §. To this end let

us define

Mab = sup / ( )|Nab(y)| dy

:vG’]I‘dL B

where B, (z) is the ball of radius a around z, where we recall that the range of W is
also denoted by a. (M, is guaranteed to be finite since Ny, € L' but is ostensibly
independent of the total volume; since a is a fized scale, for convenience we have

omitted the customary volume factor in the above definition.) Here let us define
S = {Nab > Mab}-

Since W (x — y) vanishes outside of B,(x), it follows that e.g.,
V) VOV N @] < [TNofa) | [ 190 o= )N dy |
< Map - [|[VW |oo || V- Nol| oo
Similar estimates hold for the other terms and so the conclusion follows as before. We
note particularly from Eq. (30) that the term M is directly suppressed by N, on the
set S and so as before ¢y only depend on Ny and W and not on Ny, Vg or h.

Next we will expand the left hand side of Eq. (30) using the notation
Nap = Weap + [52(\Ila) - 52(\1’17)],

where E(x) = €* — (1 4 x). After some rearrangement, Eq. (30) becomes

h

h
~ 1 heo [ Wap + Vap] — [E2(Va) — Ea(Wy)] -

First let us observe that the second line in the above equation is pointwise negative for

x € §; we will denote the entirety of the second line by —P,;. Next let us define

1

KO ="1"hew

V- [NoV ()]
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The equation now takes the form

(]I + hK)\I/ab = _Paba

where I denotes the identity operator. We note that K is a nonnegative self-adjoint

operator; indeed, the matrix elements in the standard basis are given by

1 ~
Kgp = 1— hciw (p-a)No(p — q).
We may therefore write
Ty = —(T+ hK) 1Py, (32)

Let € > 0 which is envisioned to be small as will be specified later. We claim
that there is a subset of & which is of nonzero measure such that |V, — % | < ¢
and [Py, — P4 < € for some values ¥, and PJ. Indeed, all that is required is
the observation that e.g., S = & N UpSep i where Sy = {2 : %(k — %)6 < Wl <
2(k+1)e}; we obtain a similar decomposition for Py,. So (up to a set of measure zero)
S =8N (UpSabk) N (UrSpye). Since all unions are countable, there must exist k& and
¢ such that S,p 1 N Spe has nonzero measure; let us denote this set by S, and let x,

denote the indicator function of this set. We will now integrate Eq.(32) on S,:

/Jl‘d XaVaep do = —/T Xa(I+ RK) 1Py dz. (33)

d
L L
The left hand side of Eq. (33) is within e of |S,|¥},. Next we claim that by the

positivity and self-adjointness of the operator K, we may write the operator identity
(I+hK)™' =T — hK( + hK)™L.
The right hand side of Eq. (33) can therefore be written as

— / XaPapy dz + / Xao[PK(T 4 hK) "1 P,y) d.
T¢ T¢

L L
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In the above we observe that both (14+hK)~! and hK(I+hK)~! are bounded operators
e.g., in L? and further that hKK(I + hK)~! has operator norm less than one.
The first term in the above display is within e of —|S,|P};. As for the second term,

since the relevant operator is self adjoint,

/T | XalPK(1 + hK) " Py dx

o

where we have used that the operator norm of hK(I + hK)~! is less than one. So

<

3 1
(RK(1 + hK) " 1yq)? dw] [/s P2 d:n} i < |Sul(P, + ),

d
L

the terms on the right hand side of Eq. (33) add up to no more than 2¢|S,|. Now if
e < ¥, (and hence much less than mg, or My, depending on which case we are in)
we would conclude the result (by contradiction of Eq. (33)) via the estimates we have

just derived. 0

3.3 Overview of the Iteration Scheme

We now provide the overview of how our JKO-type scheme is to be continued. Start-
ing with some Ny, we define Ny = argmin{Ja(No,-)}, N2 = argmin{J4(Ny,-)}, etc.
However, the abstract methods used so far only yield Ny € ’H;,é NL' and log N; € ’HJlVO
whereas to show convergence of the overall scheme and to prove the main theorem
we require additional regularity, specifically uniform upper and lower bounds and Dy
regularity. The improved regularity will follow from suitably strong assumptions on
No which will imply that N; (and the successive Ni’s) in fact coincides with a classical
solution of Eq.(25), with well controlled norms. The detailed derivation of suitable
estimates are the subject of Appendix A; let us summarize the setting of this appendix

here:

36



(a) The variables used in the appendix are logarithmic:
¥ = log N.

(b) We employ “Fourier norms”: f € Dy means that the Fourier coefficients of the
(™" derivatives of f are (absolutely) summable (see Eq. (9)). These norms are discussed
in a bit more detail in Section 5.2.

(¢) We assume that the initial ¥q is in Dy and we also adopt the additional regularity

assumptions on the interaction potential, namely,
|W||p, < oo and vg := sup k*|W (k)| < co.
k

(Often, one of these assumptions on W may be redundant: E.g., in d = 1, vy < o0
automatically implies W € Dy whereas in the sufficiently high dimensions one may
expect the reverse.)

We now summarize the logical steps entailed in the program:

Step 1. We assume Ny € B and ¥ € Ds.

Step 2. We find N; = inf {.,]]A(No, N):N € 7—[]_\%} (see Proposition 3.4).

Step 3. By a variational argument, we conclude that Ny and N; provides a one
step time discretization of Eq.(8) and in fact N; is positive almost everywhere (see
Proposition 3.5) and ®y, € Hpy, (see Proposition 3.6).

Step 4. Since N; satisfies the stationarity condition Eq.(25) and Ny, Ny satisfy the
requisite conditions of Lemma 3.7, Ny is uniquely specified.

Step 5. Lemma 3.7 also implies that N; coincides with the classical solution
obtained in Appendix A: L.e., ¥; € Dy (see Corollary 5.4) and so Ny € B. (It is noted
that since || ]|p, is an upper bound on ||[V2W¥ ||+, the Dy—norm is stronger than the

%?-norm.) We may now repeat the previous steps to obtain No, N3, etc. For any fixed
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k, this allows for the production of Ny, ..., Ni, provided that h is sufficiently small.
Step 6. After k iterations, the macroscopic time achieved is only kh — thus vanish-
ing with h. However, we achieve a guaranteed nonzero macroscopic time, i.e., for some
fixed T' > 0 and all h sufficiently small, the process can be carried out for at least the
order of h™1T iterations (see Proposition 5.6).
Step 7. Via a comparison with the continuum solution (see Proposition 5.7) it
is shown that the macroscopic time can be extended indefinitely; here h has to be

suitably small depending on the prescribed macroscopic time of simulation.

3.4 Convergence

Here we will show that the discretization scheme based on Eq. (25) indeed converges
to a solution to Eq.(8). We reiterate: Starting with some Ny, we define N1, No, ...as
far as can be done. On occasion, we will denote Ny, the k™ iterate by Nt[h] for time
step h when k satisfies kh <t < (k 4+ 1)h; it is in this context that we take the h — 0
limit.

Assuming that Nt[h] exists for fixed nonzero t uniformly in h, the extraction of a
weak™ limit is relatively easy: Indeed, since each step of the iteration only lowers the free
energy we have that Nlog N is integrable and hence so is N and so a (subsequential)
weak™ limit certainly exists. Further, limited results pertaining to continuity in time —
Holder—1/2 — can also be deduced from the structure implicit in the JKO type scheme,
along the lines of what was done in [13]. However, these ideas do not suffice for a
demonstration that the limiting object actually satisfies Eq.(8).

In order (to acquire enough control) to show that the limiting N; satisfies the requi-

site equation, we have need for rather strong estimates, which we provide in Appendix
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A using Fourier methods. The analysis in Appendix A is performed essentially in the
context of classical solutions, but, by the uniqueness statement in Lemma 3.7, this solu-
tion will coincide with the minimizer of the iterative scheme. The setting for Appendix
A was summarized in the previous subsection.

For the purposes of the next theorem, consistent with the use in the proof of Propo-

sition 5.7, let us use the notation [-]Lh] for the various quantities encountered.

Theorem 3.8 Let T > 0 be arbitrary (so that the iterative process is suitably valid
for all h < hp with hy as in Proposition 5.7). Letting \Ifgh} = log Nt[h], we have that

\Ilgh] converges to a weak solution, Wy, of Eq. (8) (written in these same logarithmic

variables) as h tends to zero, i.c., if b € €X(T¢ x (0,T)),

b
/ Nt& drdt = / Ni(V@y, - Vby) + Qn, P, by dd,
Tix(01) Of T4 (0,T)

where as before @y, = log Nt — i + wh, .
Moreover,
(A) This convergence is uniform in the Di—norm (and the Dy—norm).
(B) Ny = €% is the unique solution to the continuous time equation as given by

Eq. (8) which is € for positive times and Ny — Ny strongly in Dy as t — 0.

Proof. Ttem (A) will be established in Appendix A after the proof of Proposition 5.7
and item (B) will be addressed briefly at the end of the proof. Let us now address the
main convergence result. We will first establish that if N; is a weak limit of Nt[h] as h
tends to zero, then Ny is a weak solution to Eq.(8). (It is clear, e.g., from the discussion
before the statement of this theorem that one can always extract a weak limit.)

Now consider some b € €1(T¢ x (0,T)) which is integrated against both sides of

the iteration equation as given in Eq. (24) and then summed over the order of Th™!
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[h] _ [h]

iterations (and using ®; -+ w Na ):

N, — N,
E / k41 T Yk by, dr =
k /7L h

-3 N (V(Whi1 +wng,,y) - VO) + Oy (Pkir — o+ wiy ) b da,

(34)

where by, is a suitable time average over the interval hk <t < h(k + 1). The left hand
side, after summation by parts, weakly converges to the integral of —N;(0b;/0t). As

h

for the right hand side, for convenience we will now go over to the notation Nt[ instead
of Ny and N, [ ]h instead of Ngy1 etc., and then the sum over k can be replaced by an
integral over [0,T]. First we observe that if it were the case that all the indices were
in agreement and e.g., equal to k + 1, then the right hand side can be realized entirely
as a weak equation for Nt[h] (with most of the burden of differentiation passed on to b)
which would converge weakly to the relevant limit. What we must estimate then is the

differences caused by the discrepancy in indices. For example, in the term containing

W, forcing the indices to match yields the residual term

h h h
//Td (NI, = Nl ) dedt.

By the results obtained in Appendix A, specifically Corollary 5.8, iii), we have that

IV is uniformly bounded (e.g., in L) in both h and ¢ while N/, — N/ =

[R] [R] . . . . . .
eVirn — %t is bounded above by h times a function which, again, has a uniform L*°

bound. Hence, this error term disappears from consideration in the A — 0 limit.

Identical considerations apply to the term Ngh}(Vw[Nh]

t+h

- Vb). However, here the

situation is even less demanding since Vw[Nh1+h does not even involve gradients of W. As
for the inhomogeneous term, it is slightly easier to do the reindexing on the ®—terms.
We write

ol ol _ ol ¢ (@l _ glfholtl

t+h t
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The leading term on the right of the above display is of the correct form. Examining the
definition of QE@, it is clear that if N; is bounded in L> (which follows from Corollary

5.8, iii)) then so is QE@ Since &y = Uy — p + wy, from Corollary 5.8 ii) and iii),

[h]

h <I>£h]| is bounded by order A and this term also disappears in the

we have that |®
h — 0 limit.
Finally, by standard regularity results about (uniformly) parabolic equations, we

have that N; is smooth ([8]) for positive times and the convergence to initial data can

be easily gleamed from item (A) and Proposition 5.1. O

4 Proof of the Main Theorem

In this section, we provide a proof of the principal result of this work. Namely: If the
initial Ny is in the vicinity of the uniform state, and the latter is “sufficiently stable”

then the subsequent dynamics is characterized by exponential convergence to this state.

4.1 Convexity Estimates

In this subsection, we aggregate all the results concerning convezity of the function
%,(-) which will be used in the proof of the main theorem. First, it is seen that if
W is of positive type then ¥,(-) is always a convex functional of N for all . But, it
is also known that such circumstances foreclose any possibility of a phase transition.
However, even here, the rate of convergence to equilibrium is still of interest. More
pertinently in the general cases under study, it is not unreasonable to assume that if
et is sufficiently small and overall the fluid is reasonably homogeneous with a density

not too far from the uniform state that some local convexity properties should ensue.
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First, recall the definition of (the density of) the uniform state My which is the
solution to My = e#~*M0 with w being the integral of W, as described following Eq. (3).
In what follows, instead of using u — which is conceivably large and negative — as our

parameter we will use the quantity Mg = Mg(u) as our (small) parameter.

Proposition 4.1 Let Ny € € be a classical solution of Eq. (8). Let k be any number
such that 0 < Kk < % and suppose that at time to > 0 the density Ny, satisfies the
pointwise bounds

1
KMo < Niy(x) < ;Mo.
Then, if Mg is sufficiently small, this condition persists for all time t > tg.

Proof. Examining Eq. (8) and recalling that we can reason classically, let us assume

that xy is a point of maximum or minimum. Then at z = x, we have

8]\%@ > NtVQU)Nt _ [Nte—%(ﬂ—wz\ft) _ e"'%(“_th)

for a minimum and with the opposite inequality if zy is a maximum.
Now we claim that for My sufficiently small we have, for all x satisfying kMg <

Ni(z) < LMo, the estimate
~L(uwn) | o+ E(mwn,) 1
—KMoge 2 WWTUN) e T2 HTUNY > e

2
= 0

and

Ol

g Humwn) 4 e+ bimun) <y
- <

D=

= efé(‘““’MO), the second display amounts to the inequality o3 (wN, —wMo) _

Indeed, since M(;
1 } . .
ke~ 2(WNTWM0) > and we can use wy, > —LwoMg (where wy is the integral of W)

while the first display reduces to e3(WMo—wN,) _ pe—5(wMo—wNy) > i and we can also

use wy, < %woMg. The claimed result is now manifest for Mg sufficiently small.
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Let us suppose then that at some time t;, for the first time, the density achieves
the value %Mo and this occurs at the point x = xy — which is its maximum. Then we

would have (with ws being the integral of |[V2W|)

8Ntﬂ (.’Z‘ﬁ) 1 1
T < Mg+ M
ot - 0ot Pt

which is strictly negative for Mg sufficiently small. While this immediately implies that
at the point xy, the density can grow no bigger, it actually implies, by continuity, that
such happenstance could never occur in the first place: At ¢t = ty before the density
at x = xy achieved %Mo, the derivative was already negative.

Similar considerations apply — for Mg sufficiently small — if we investigate the first

time that the density has fallen as low as kMj. O

Consider, then, the convex set B, C B consisting of those densities which satisfy the
bounds featured in Proposition 4.1. (It is noted that the parameters of the upper and
lower bounds need not be related. However, the condition is natural for the variable
U =log N.) Our next claim is that if kKMo is sufficiently small then the functional ¢,,(-)

restricted to B, is convex:

Proposition 4.2 For Mg/rk < 9% where

% = mgx{|W(k7)‘ | W(k) < 0}’

the functional ¢4,,(-) restricted to B, is convex. And, therefore, N = My is the unique

minimizer in B.. In the above we may take ¥¢ = oo if the interaction is of positive

type.

Proof. Let Na, Np be temporary notation for densities in B, and similarly, let us
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define Ng := (1 —s)N4g+ sNp and R := Np — N4. A direct calculation shows

d2gM(N8)_/ R2
ds? -

The first term on the right is larger than (x/Mo)- || R||7, and as for the second, we have

1 -~ A 2 ]. 2
_ - > .
ol WR@ Ry = 53 5 WGP > =7 - 1815

and the primary statement is proved. The secondary statement is immediately clear

since N = My is always a stationary point and the convexity that was just proved is

actually strict. O

Remark 4.3. We remark that notwithstanding factors of order unity — e.g., k — the
estimates here (and presumably those in Proposition 4.1) are reasonably sharp. Indeed,
Mo = 9¥ is the point where the stationary solution N; = My is linearly unstable and,
translating the results of [5] to the current context, when Mg = . < ¥*, already there

are non-trivial minimizers for ¢,,(-).

4.2 Proof of the Main Theorems

Proof of Theorem 1.1. Let t > 0 and T > t. Let K" > k. By Theorem 3.8 we may
consider h’s sufficiently small so that throughout (0,7"), the actual continuum solution
N; and the discretization Nt[h] differ only slightly in e.g., the D;—norm so that for all
t € [0,T], we have Nt[h] € B,.. It follows by Proposition 4.2 that ¢,(-) is convex for
these Nt[h]’s.

In the following, we will examine one iteration of the process at fixed h. To avoid
clutter, we will again employ the (inconsistent) notation that Ny is the initial density

and V; is the final density for this step. Let us define, for A > 0

M .= (1 — hA)Ng + hAng
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so that M>(\O) — No = hA(Mp — Np). Let us also define @ to be the potential which

pushes Ny all the way to Mg in unit time under the approximate dynamics:
Mg — No =: V- (NoVQ) — Qn, Q.
Further, the approximate distance (all the way) to Mg is given by
D% (No, Mo) = /]l‘d NolVQP + Qn,Q* da.
2

It is underscored, informally, that D?A(No, Mp) — and @ — are of order unity relative to

h with h < 1. We have (since the relevant equations are linear)
D% (No, M) = h*A” - DA (No, Mo).

We now adjust A so that this distance is exactly the distance which is traveled

under the auspices of the JKO type process:
RZA% - D% (N, Mg) = D% (No, Np).

Now since we must have J4(No, N1) < Ja(No, M io)), it immediately follows that

9,(N1) < %M(Mio)). Using convexity of ¢,,(-), we have
Gu(N1) = Gu(Mo) < (1= hA) - [F.(No) — G (Mo)] -

Thus, if we can get A uniformly bounded below for an indefinite number of iterations

of the process, then in the standard (discretization) notation, the above becomes

Gu(N 1)) = G (o) < (1= BA) - [Fu(N) = G (000) (35)

and so in the b — 0 limit, %, (N:) — 4, (Mo) < e - [4,(No) — 4, (Mp)]. We turn our

investigations to A. Let us start with some preliminary estimates on D% (Np, Mo).
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Claim 1. We have
D% (No, Mo) < g% - || No — Mo |32,

where g2 := (kMg) /2.

Proof of Claim. We start with the identities
—/ (Mo — No)Q dz = D% (No, Mg) = / NolVQI* + Qn,Q* da.
T T
So, using inequalities on both ends:
M0 = Moll2 QU > [ 0, @?
L

It is now claimed that, pointwise,

N

Qn > Nz2.

(36)

(37)

(38)

(39)

Indeed, this follows from the known inequality (a —b)/log(a/b) > v/ab, but in any case

(for completeness) we write

1 inh 1

(I)N l(I)N

1
N2 2

Thus the bound in Eq. (38) may be replaced by

VI

Q7.

[[No = Mol| 2 - [|Ql[ 2 = (kMo)

ie.,

1
1Qllz> < 1 [[No = Mo 2.
KMy )2

Putting this back into Eq. (37) we acquire

D% (No, M) < - [INo — Moll72 = ¢* - | No — M3

(RMO 2

as stated. [ |

46



From Claim 1 we have
h2A% - g2 No — Mo 22 > h2A2 - D (No, Mo) = D4 (No, M{”) = D%(No, V1), (40)

so our goal will be achieved if we can show that Di(No,Nl) is of the same order as

h?||No — Mg |3, To this end, we will now consider
MY = (1= hO)Ny + hom.

The strategy here is to show that if D% (No, N1) were not of the correct order of mag-
nitude (according to the above stated goal) then Me(l) would be a better minimizer for
Ja(No, ). In what follows, let us use the version of J4 in which the current value of

the free energy is subtracted off:

1
Ja(No, MMy = 511),24(N0,J\4§”) + 1 |9, (MDY = G,(No) |-

We start with an upper bound on ]D)124(N0, Me(l)). To this end, it is noted that since
MY — Ny = (1 — hf)(N; — No) + h6(nMo — N),

the driving field which achieves Me(l) is given by (1 — h#) - h®y, + h8Q. Therefore

D2 (No, My") = (1—h6)2-D2 (No, Ny )+h26%D% (No, Mo)+2h20(1—ho)- (VD , , VQ) n -

We will bound the last term by 2h6(1 — h6)-D4(No, N1)Da(No, Mp): This follows from

the Cauchy—Schwarz inequality since e.g., (VQ, VQ)n, = D% (No, Mp). (We note that

one factor of h has been absorbed into the term D 4(Ny, N1).) Le., we have the square

of the triangle inequality:
D% (No, M) < (1= h6)® - D% (No, N1) + h262 - D% (No, Mo)
+ 2h0(1 — h9) . ]D)A(No, Nl)]D(No, Mo)
Meanwhile, by the convexity from Proposition 4.2,
G, (M) < (1= ho) -G, (N)) + h6 - 4, (Mo).
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Putting the previous two displays together and subtracting off J 4(No, N1), we have

Ja(No, MSY) = Ta(No, N1)

—_

= 5 [DA(No, M) = DA (No, M) | + B[4, (045") = (1)

\V]

1
< h - Da(No, N1)Da(No, Mo) + §h202 - [Da(No, Mp) — Da(No, Ny)J?
— ho - [DZ(N[), Nl) + h(gﬂ(Nl) — g,u(NO))} + h20 - [gﬂ(Mo) — gu(NO)] .
Since N; is a minimizer, the right hand side is nonnegative. In particular this is so

when we divide by h6 and take the § — 0 limit. Thus

h[%,(No) — 4 (Mo)] < D a(No, N1)Da(No, Mo)
(41)
— [DA(No, N1) + h(Fu(N1) = Fu(No))] -
Next we have the following estimate relating %,,(No) — %, (Mo) and || Ny — Mol|7.:

Claim 2. Under the conditions on My and & in the statement of this theorem, there

is a 0 = o(Mg, k) > 0 such that
Gu(No) = %u(Mo) = 0| No — Mo|[ 7.

Proof of Claim. This, it turns out, is a recapitulation of (the convexity) Proposition
4.2. If we write Ng = Mg + (Ng — Mp) we can expand the free energy in powers of
Ny — Mg. The first order term vanishes by stationarity while the interaction piece is

exact at the quadratic order. Now, pointwise,

(Mo + (No — Mo)) - log(Mo + (No — Mo))

Mp log Mo + 1i toce + L. Mo —Mo)*
= O mear piece -
0708 Mo P 2 UNo + (1 — )Mo

where v € [0, 1] depends on the value of Ny(z). Thus we may write

9,(No) — 9, (Mo)

1 R(Q)(ZL‘) dx . i )
2 [/Ed (@) No + (1— v(@))Mo T%W%W( y)Ro(x) Ro(y) dady
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with Ry(x) being temporary notation for Ny(x) — My. The conclusion follows with

1/ kK 1
7= 2 \ Mg v )
The stated claim has been established. |
Remark. For future reference we note that the estimates in Claim 1 and Claim 2 apply
—1/2

to any density N € B, and not just Nyo. We also note that the constant g2 = (kM)

does not depend on the particulars of Ny.
Thus, dropping the D? (Ng, N1) term from Eq. (41) and using Eq. (36), we get
ho|[No — Mol + 7(u(N1) = %u(No)) < Da(No, N1) - gl No — Mol 2. (42)

Now were it not for the small term h(%,(N1) — 4,(No)) on the left, we would obtain
a lower bound of %“ - [[No — Mo|| 2 for D 4(Ng, N1) which by Eq. (40) would imply

g

A > 2::)\T.

Q

Since the small free energy difference term will appear at each stage of the iteration
and there are of order h~! steps altogether, let us write Eq. (42) in the form that it
would appear without the abbreviations:

h h h
holINJ = o2z + b (Gu(NL 1)) = Zu(N)

h h h
< gDa (Na[h]’ N([j]+1)h> HNJ[h] — Mol| 2

Let us stipulate that, necessarily, for all times ¢’ < ¢, Ny # Mg (indeed, otherwise

there would be nothing to prove). Thus, it is clear that

. h 2
com IV =l

is strictly positive. We shall only consider h’s which satisfy h < €2 and thus the above

generalization of Eq. (42) in combination with Eq. (40) yields the estimate

(Al prlPd !
D4 (Nhijh(j+1)) S [ho h2

(A] [A]
hXjr1 = PR <%<Nh(j+1)) — Gu(Ny ))] :

h
gV — Mol 2
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(In the above we are using that gH(N}[L}E}jH))—gM(N,E};]

) < 0 which is clear since otherwise

N}[L};} would’ve been a better minimizer for JA(N,E};}, -) than N}E(}jﬂ) )

Recalling the discussion surrounding the display labeled (35) (and iterating) we

now have the estimate
. k
Gu(NI ) = Fu(o) < [%u(No) = F,(00)] - [T (1 = hy).
j=1

We bound the product (recall that AT = o /g?) as follows:
k
H (1—hA;)
~ k 1
(1 — hATY H < 1h_2w) (%(N,E’;l) — Gu(Ny 1))>>

k
<= B |~y S (V) ~ 4N ) |- 49

The sum in the exponent is just the current free energy drop which may be bounded
uniformly in k£ by the total free energy drop, namely ¥,(Mg) — ¥,(No), and the pre—
factor of h3 causes this factor in the exponent to vanish in the h — 0 limit. Thus, as

claimed, when we take h — 0
G.(Ne) — Gu(Mo) < [u(No) — Fu(np)] - e,

By the result displayed in Claim 2 (applied to NV; instead of Ny) a similar estimate
holds for || Ny — Mol|%,. O
Finally, we claim that in essence, the derivation featured above also holds for the

actual D—distance:

Corollary 4.4 With all notation as before, we have
g9’ A
D? (N, Mo) < —[Gu(No) = Fu(Mo)] - € ‘.
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Proof. Let N € B,, and consider
N$ = (1 —5)N + sMy.

Let Q% denote the corresponding advective potential

ON?®
S5 =M - N = V- (N2VQ?) - Oz Q5.

(Clearly, Q% depends on s.) Now going this route from N — My will not necessarily

minimize the actual distance functional:

1
DA(N,M0) < [ (V@2 V Qi) do.
0

Therefore an upper bound on the integrated inner product constitutes an upper bound
on the actual distance.
To this end, noting that N$ € B, similar reasoning as in the proof of Claim 1

yields ||Q2]/z2 < g% - ||[N — Mol|z2. On the other hand,
1 1
I8 = ol @2l = — [ ds [V —0)Q de = [ (9@ VQI) e ds.
0 T 0
Combining the above estimates, we thus obtain an analogous conclusion to Claim 1:
D?(N,Mo) < g% - || N — Mol|72.
By Claim 2, g% - ||[N — Mo, < % |9,(N) —9,(Mp)]. Thence we may conclude using
iteration as in the proof of Theorem 1.1 that
g9 t
D?(N¢, Mo) < ~ [Zu(No) = Fu(vo)] e M
O
Proof of Theorem 1.2. The establishment of D(-,-) as a bona fide distance is found in

Appendix B and the convergence of the JKO type scheme is the content of Theorem

3.8. Finally, Corollary 4.4 establishes the stated convergence for the distance D(,-).
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5 Appendix A

In this appendix, we analyze the discrete time evolution of the fluid density as given in
Eq. (25). While this equation produces N1, from Ny, in order to avoid clutter, we
will set £k = 0 — and introduce various other abbreviations to be described shortly. The
ultimate result depends only on properties of N (AKA Ny) primarily the Dy—norm
(a Fourier norm) introduced before and again described below. Thus, the principal
difficulty will be to show that the relevant properties are preserved under iteration.
And, it turns out, it is too much to expect that this is achieved by having the incre-
mental changes in e.g., Ny, V2N etc., to always be of order h. Thus a somewhat
delicate (albeit presumably standard) “cancelation” must be exhibited in the course of

our arguments.

5.1 The Full Equation

Equation (25) is most conveniently expressed in terms of the variable ¥ := log N. For
the purposes of this appendix, we will abbreviate Wq := log Ny and wq := W % Ny with
similar notational conventions when O-subscripts are replaced by 1’s. In this language,

Eq.(25) reads
- _ 2 2
e —1_h[V\Il1+Vw1+V\I'1-V\IJO+Vw1-V\IID]

(44)
— hle™ 00N, (V1 + wi — p)).
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Introducing htp := W1 — Wg, hwy = wy —wp = W x (e¥0) (e — 1) and Qg := e Yo Qy,,
Eq. (44) now reads

e —1
h

= hV?)

+ [V2Wg + [VO|? + V2w + Vg - VU — Qo(Tg + wo — )] (49)
+ h[V2wy + Vawy - V¥ + Vi - VT — Qo (1) + wy)].

The advantage of using the W—variables is now manifest: On the right hand side of the

equation, all the non-linearities are encoded into the function itself and do not involve

the derivatives. Note further that we have separated the Wy—terms from the ¢—terms.

5.2 Norms

Our analyses will be essentially classical — although it is conceivable that with greater
effort, a more general treatment would be possible. In any case we will start with an
assumption on Wq which is slightly stronger than H'. Specifically we will require that
Uy € Dy as described below:

Let f: T¢ — R have Fourier coefficients f(k). Then

]
k

and, if this is finite, then we say f € Dy. In general,

1 ~
1fllpy, = g D 1K™ £ (k)]
k

defines the class D,,. It is noted that these norms obey the usual inequalities, e.g.,

1£1%, < IflpllfllD- These norms also have derivation properties, e.g.,

Ifgllpy < [1fllD:[lgllpe + [[fllDollgllDy -
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Our precise assumption is that ¥y € Dy with a bound on the norm that does not
depend on h. The latter is emphasized because, e.g., for the time interval [0, T'], we must
accommodate the order of Th™! iterations of Eq. (25). Of course a single application
is readily accomplished with the result ¥ ~ ¥y + h - [VZ\IJO + |V\I/0\2 4+ = Qowo].
But this perturbative result, in and of itself, cannot be expected to get us through
too many iterations. For us, among other small matters, the crucial requirement is to
show that the actual ¥;’s also have Dy—norms which, for fixed T, is uniformly bounded
independent of h (provided that h is sufficiently small) in order that the above heuristic
can be continued.

The above notions will be placed on a more formal footing. Let us amalgamate into

a set ® all the relevant input constants, so the initial ® takes the form:

Do = {H\IJOHDoa H\IIO”Dza Vo - - -, V4, ||W||D2}

where the v, are given by v, := sup,, |[W(k)||k|™ and are assumed to be finite for
m < 4. These are regarded as fized while the time step parameter is to be treated as
a variable, albeit “small”. In the course of our analysis, various numbers will emerge
which will depend on ®¢ but are uniformly bounded with respect to h. Then, these
numbers are bounded provided the elements of ©q are bounded. The time—step h itself
will be allowed to take on any value smaller than some hg which ultimately does depend
on the initial ®g. But, again, hg will be bounded (below) provided the elements of
Do are bounded (above). These numbers provide us with the updated version of ®,
denoted ®1, which will also have elements which have only incremented by the order
of h. We will continue this way to ©9, D3, etc., all of which, at least for a while,
may be regarded as bounded independently of h. Thence, the whole process can be

continued throughout some finite interval [0, 7], leading to a set @, for each time step
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¢ so that each element in ®, is uniformly bounded. This way we have the order of
h~IT iterations, with bounds that will depend only on the initial ® and, perhaps, 7T

Of course only two of the elements of ® are destined to change; later these will
be referred to as the mutable elements. Anticipated but conspicuously absent from
the mutable elements of © is the quantity ||Wo|lp,. The reason is economical rather
than esoteric: Below begins the Dg—analysis followed in Subsection 5.4 by the Do—
analysis which is still more substantial. In principal, a Dy subsection could have been
written which, presumably, would have been intermediate. In practice, we are (at
first only) interested in bounds which permit iteration of the process for some positive
macroscopic time. Therefore it proves to be sufficient, even if less efficient, to use
H\IIOH%QH\IJOH%O as an upper bound for ||¥y||p, in the places where such a bound on

this quantity is required.

5.3 Preliminary Analysis
We start off with a bound on the Dy—norm of :

Proposition 5.1 There exist ho > 0,by > 0 such that for all h < ho, there is a
solution ¢ to Eq. (45) with ||¢|p, < bo. Further, both by and he depend only on ®g

and are uniformly bounded for bounded ranges of these elements.

Proof. We start with a rewrite of Eq. (45) so that it takes the form

1
¥ = hV* = A+ hBy — +&(h) (46)
where in the above &(z) = >, 5o 20 (and, for future reference, similarly for &)

and A and By, correspond to the appropriate bracketed terms in the above mentioned
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equation:
A= V24 + |[VU|? + V2wg + Vwg - V¥ — Qo(Pg + wo — 1)

By = Vwy + Vwy - V¥ + Vip - VI — Qo (1) + wy).

Thus we may write
v =1 |44 0By~ s = 240 (47)

where Lj, := 1 — hV2. We estimate the terms one at a time adding all the results.

Most terms are handled easily with the neglect of L,:l. E.g.,

1 1 A 1 N
—1 /2 _ 2 2 _
1Ly, (V™¥0)lp, = Ldzk:H—hk? k|| < Ldzk:k [Wol = [|¥olp, -
(We note here that strictly speaking since k is a vector, we should write |k|? in the
above display, but we have suppressed these absolute values and will continue to do so

when the context makes the meaning clear.) As a further illustration we have

1Ly V2 wollpy < Jlwollp, < valle™||p, < vael™olzo.

All terms in A can be handled this way. Since the quantities stemming from the A
term are bounded by a function of elements of ®g, we have the same statement for
L;'(A) and so we may write || L, ' (A)||p, < Ao with
Ao = [|Wollp, + [ Woll, + vael™lPo  vyel*oleo - |1 wo||p,
(48)
+ Vo - ([1Wollpg + voe!elPo 4 1),

In the above, Vj is a bound on ||€2]|p, in terms of the elements of ®( which we shall not
make explicit. In any case, all terms have been entirely bounded in terms of quantities
from .

The By—terms as well as the final term now involve % itself. Nevertheless, most of

these terms are estimated in a straightforward fashion. E.g.,

1, 1
EHth&(W)HDo < 552(h|!¢|!730)
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and similarly for most of the other By—terms. For the Vi - V¥ term, in order to

ensure that no [[¢||p, appears in the estimate, we use

I (V- Vel < 75 3 | (o800@) - (66 - it — )
k.q

1 h|k .
< lbloul Wl + 7o 2 sl - laWo(@)] - [0k~ @) (49
k.q

1
< [l - (Aol + 37l ).

h|k| 1
THhR? = 2

where to handle the final term in Eq. (49) above, we have used he.

We list bounds on the remaining B, ~terms below:
1hLy (Vwy)llpy < lwyllp,
_ 1
123 (T - Tl < sl - (#9llo, + 51190l )

1h Ly, (Q0¢ + wy))llpy < hVo - ([ llpy + llwyllp,)

and, as before, we may write final estimates for the wy—terms:

1 1
lwylipg < voel¥elPo - &1 (lllp,),  lwylips < voel ™20~ (Rl ¢limy)-

Sorting all these terms, the “bound” now takes the form

[llpo = 12 (¥)llpy < Ao+ hBollt |, + boh [[¢]|, 50)

+hG([[¢llpe) + B g ([[¢]|D,)

where

1
Bo = [Wollp, + Vo, bo= 5”‘1’0\\7317

1
G(l[¢llpy) = voel 2o (|| o | p, + Vo) - 5 E1(l[Yllp,) (51)

1 1
+upelollon -y ([ llp,) + €20k )

and
L oo 1
g(llvlip,) = 5 voe o||Wolp, - Egl(hWHDo)- (52)
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All constants and functions in the estimate depend (uniformly) only on the param-

eters in ®g and the quantities G and g appear to be well-behaved for h small:

1 1 1
7e1(0lYll,) = 1Yy, 5 &2(hllYlpe) = 5l1¥ Do

Importantly, the quantity ||¢|p, does not appear in the estimate. Thus, we may

< Ay. However, it is noted that given the form of the

~

tentatively conclude that [|1|p,
right hand side of the display in Eq. (50) there is also the possible interpretation of a
trivial (i.e., infinite) bound, an issue we now address.

Let us denote the upper bound on |[¢||p, from Eq. (50) by Zx(||¢|p,) and let us

examine the corresponding recursive equation
Co=EZn(0) = Ao,  Crt1 = En(Cr)- (53)
If the iterates were to approach a fixed point at =, we would have
z = Zp(x) = Ao+ h'/? [box + g(z)] + h [Box + G(z)].

Clearly, for h = 0, the equation above is satisfied at x = Ap. For h > 0, starting
from & = 0, the right hand side would still exceed the left hand side till x = Ay and
certainly the right hand side would dominate for very large values of x (indeed, the
function Z(h, x) is increasing and convex in x because G(z) and g(x) are both convex).
However, we claim that for h sufficiently small, the two functions are guaranteed
to cross at some point after Ag:
Claim. For any n > 0, there is some h, > 0 such that for all h < h,, there is some
xp < Ag + 1 such that Zp(zp) = zp,.

Proof of Claim. Observing that =) (z) is increasing it follows that for every n > 0,
h n

En(Ao+1n) < Ag+ Z, (Ao + 1) - (Ag + 7).
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Thus if we choose h, > 0 sufficiently small so that EZW(AO +n) - (Ao +1n) < n, then
En, (Ao+1) < Ag+n (we note also that =} (x) is monotonically decreasing in h so once
some h,, is found we have the result for all h < hy)). Since Zp,(Ag) > Ao, the required
fixed point exists by continuity of x — = (). O
It follows from the convexity of =, and from the claim that there is some h; > 0
such that for h < hy there is a (4 = (4(h) which is the unique stable fixed point of
Eq. (53) so that if (; < (4 then (; < (u1 < ¢ and limy_00 G = (4 — it is clear
that ¢x < (k41 = Zn((k) since for x < ¢4 we have Zp(x) > x; on the other hand, by
monotonicity of Zp,, (ur1 = Zn(Ce) < 2(¢G) = G-

Recall from Eq. (47) that we have ¢ = £}, (). Thus, we may define the iterates

Yo =L; (Ao),  Yrs1 = Lty

so that by Eq. (50) and the nature of (3, we have that for all k,

[Vrt1llDe = 120 (¥r) D < Enll[YrlDy) < G-
Let 1 be a weak limit of the ;’s. It remains to identify 1 with the object featured in
Eq. (46).
To this end we consider &, := ¥, — ¥g_1. Since
_ 1
gh(w) = th A+ th - 552(}“/’) )

!

Okt1 = Z(Ur) = Zh(n—1) = W(By, = By, ;) — ¢

[E2(hpg) — E2(Mbg—1)] -
From our previous estimates, it follows that
16k 411lDy < boh™ 2 (16Kl + RBollk 1Dy + ARG (168 I Dos 1k ]l20)
+ 02510k Ipy. [5-1]1o) (54)
= 02|18 1lp - Tr(lI6kl|Do 14k ll2, )
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where G(-) and §(-) are defined analogously as G(-) and g(-) in Eq. (51) and (52),

corresponding now to estimates involving differences of ¢’s, e.g.,
h(wwk - wwk71) =W % (e‘llo-i-hwkfl)(ehék _ 1).

Since G([|0k|Ipo, 1¥k—1llDs) and §([|0k| Do, 1¥k—1]lD,) are bounded by definitive con-
stants provided that their arguments are, so is the quantity I'y(||0x||p,, [¥k—1llDy)- It
follows from Eq. (54) that dj tends to zero as k tends to infinity for all h sufficiently
small.

More precisely, consider (3 which is the limit as h — hy of (4(h). Let hy be defined
by

1

[ha]2 x [ sup T'p(a,b)] =1.
b<Cw,a<2§w

By Eq. (54), the above choice of hs implies that for h < hg, there is some «aj < 1 such
that [|0g+1]lD, < anlldk]|p, for all k. It follows that vy converges (strongly in Dy) to
the v given in Eq. (47) and for h < hy we have (for all j) the 1;’s and the limiting v
are bounded in Dy by (4(h2). Moreover, all parameters, hi, ha ...(4(h2) depend only

on the parameters of ¢ and are uniformly controlled by these elements. O

5.4 Advanced Analysis

The situation concerning the Do—norm of v will not be as straightforward as that of
the above — indeed, there is no hope for a result analogous to Proposition 5.1. In

particular, let us investigate the very first term
Yy = L 1 (V2). (55)

While it is clear that ||i.||p, < oo, this norm might well be divergent as h | 0; e.g.,

||ht)s||p, could be a sublinear power of h. However, as will be demonstrated, if ¥( has
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this behavior, these circumstances are actually beneficial. Indeed, due to the positivity
of the operator —V?, adding 1, would reduce the overall magnitude of the Fourier

coefficients: Explicitly, let us define the “preliminary correction”

U, = Uy + hi),.
Then
- - hk? . W (k)
v, =U - U = —"

i.e., the magnitude of every non—zero mode has been reduced.
Hence, the task at hand will be to show that the rest of ¢ does not disrupt this

beneficial effect. Specifically, defining

Yo := 1 — Py,

our aim is to show that the difference, ||1s|lp, — ||¥4]/D,, is either negative or of order
unity. We remark that in contrast to the preceding analysis, there is no reason to expect
matching with powers of h. Thus, we will be working directly with hiy, hi,, etc., even
though, at times, appearances of h, e.g., multiplying both sides of an equation, may
seem redundant.

The preliminary challenge arises from the inhomogeneous terms. We define r, and
Se Via:

hre := hL; ' ([V¥o[*) and  hse := hL; (V¥ - Vuy).

Our first goal is an estimate on their Dy norms. We start by invoking the relevant

length scale for these problems:

Definition 5.2. Let pg = po(h) be such that

1 o
72 2. b >h

p:|p|>po
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while without the last shell,

1 .
Td > Ip¥o(p)| < h.

p:|p|>po

Claim A;. There is an a depending only on ® such that if py > ah™3 then

1hsllDy = 2 ([[Pre|, + [[h5e]| D) -

Proof of Claim. We first note that, a priori, ||hre||p, and ||hse||p, do not exceed the

order of h3. Indeed, we write

A 1 hk? : ;
hk*Po(k) = T 1211 hi2 ZQ‘I’O(Q) (k= q)%o(k—q)
q

(57)
so, taking absolute values etc., and bringing one factor of k inside the sum,

R 1 hlk| . .
270 < gy g O (@K = al + (k= a)?lal) - [Po(a)]| ol — g)]
q

Using h%\k|/(1—i—hk2) < 1, and summing over k, we are left with %h% X 2x || Ul Yol p,:

1
[hrellD, < h2 - [[Wol|p, [[WollD,-

Similarly,

N

[hsellDy < Sh2 - (I[Wollp, [|wollp, + [[¥ollp, llwollp,)

On the other hand,

NS S R ET W
P2 = T4 1+ hk? 0
k:|k|>po
1 hpd . h2p3
> L S ko) > PO
d 2 2
LELEDD0 o, L+ g

Thus, if pg > ah™% where a is given by

a3

1
Toa = 2 |[%ollp, [[¥ollp, + g(H‘I’oHDleoHDQ + [[Wollp, lwollp,)
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the claim is established. |

We may thus proceed under the assumption that pg < ah™? since otherwise, the
re and s, terms are well in hand.
Claim A,. Our next claim is that, under the assumption py < ah_%, both re and s,

admit the bounds

1hrallp, < CrllhLy Wollp, + hey

Ihsellp, < CsllhLy Wollp, + hes (58)

where C, ..., cs are constants which depend only on ®y.

Proof of Claim. Let us proceed with the analysis of Eq. (57) taking absolute values
etc., and summing over k at fixed ¢. First, we investigate the region where |k —q| > po.
Here we may use hk?/[1 + hk?] < 1 leaving us with

1, . 1 ) .
Taltvo@l- 77 Y (k= @)Yo(k—q)l < —la¥o(9)] - h.
kilk—al>po

The summation over ¢ gives the bound h||¥¢||p, which is part of the ¢,—term.

What remains to be estimated is the quantity

1 hk? - .
i O e 1@l (k- @) Pk~ o)l
k,q:lk—q|<po

Similarly to the above, if we first restrict summation over ¢ to |q| > po, we may divest
of the factor hk?/(1 + hk?) and, as an upper bound, summing over (k — ¢) yields a
factor of ||¥¢|lp, which is then multiplied by a factor of A from the sum over ¢q. Thus
we arrive at another estimate of h||W¢|lp, which we add to the ¢,—term.

We are left with the case where |q| < po and |k — ¢| < po. Here, for the k% in the

numerator we write k2 = ¢ + 2q - (k — q) + (k — ¢)? giving us three terms to estimate
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the first of which is

A

1 h .
> T V@] [k = @) %o(k = g)l
k.q:lal,|k—q|<po

Now ﬁ < 1 and also 1 4+ hg? < 1 + a? so the upshot is that the above term is

bounded above by

1 2 1 3 :
ﬁh(1+a )kzq: 15 h2 1¢*Yo(q)| - [(k — q)¥o(k — q)|

where we have now relaxed the restriction on the range of summation. Summing over
k we acquire our first contribution to C,., namely (1 + a?)||%|p, .

The second term is the quantity

2 h . .
2 o 1Y@l (k= )Wk —q)l.
k.q:lql;[k—q|<po

Here we can relax the restriction over the summation and use ﬁ < 1 to arrive at
the bound of 2h[|¥||%, which is another contribution to the ¢,~term. Our third term
is identical to the first with the roles of ¢ and k — ¢ switched and may be estimated by
the same procedure.

The analysis of s, follows a similar set of procedures. We will dispense with the

details and state the result:
Cs = (1+a?) - [lwo|lp,

and
cs = 2[Jwollp, + 2[|Wollp, lwollp, + [[oll, [[wollDs-
The claim is established. [ |

Thus so far, on the basis that pg < alf%, we now have the ro and s, terms essentially

bounded by HhL}:l\Ilon. To bound the latter quantity we have:
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Claim Aj. Either

|Ppellpy > (Cr + Cs) - |hLy, "Wl p,

(where the difference may be considerable) or both ||¢4||p, and ||L; ' Wo||p, are bounded
above by constants depending only on ®g.

Proof of Claim. We are to compare:

4

q ~
il bo@] vs. (G +C)

¢°|

g Po(@) (59)

obviously if |g| > (C, 4+ Cs) the terms contributing to ||¢«||p, are dominant and we are

done. Let us define go := 2(C, + C;) and write ||1x||p, = a + b where

4 4
3 ¢ - ¢ -
' < 1+hq2’ o, b= 1Jrhqgl 0(q)]
q1>q0

lgl>q0

with a similar decomposition (|g| < qo, |g| > o) for (C, + Cs) - || L}, " ¥o||p, denoted by
a and . So, let us suppose a +b < a+ 8. Since we have arranged b > 2/ this implies

that a < a — B and hence a > 8 and so

Uo(g)| < g5 - [1%ollp-

Le., ||ht4|p, is actually of order h. The same bound (and conclusion) holds for
|L;, W | p, which (also) does not exceed 2a. [

With these results in hand, we can now establish:

Proposition 5.3 The Dy—norms of Wy and its successor W1, acquired after one iter-

ation of the discretization, satisfy
1W1][p, — [[Wollp, < b2h
where by > 0 depends only on the elements of Dy.

We reiterate that the left hand side in the above display can be considerably negative.
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Proof. Since ¥ = ¥y + hi), we certainly have ||¥1]|p, — [|Vol|p, < ||h¢||p,. Next we

recall

hk?

h, = hL; (V2Wo),  hi (k) = TR

Wo(k), for all k.
It follows that if we write as described before hi) = hi), + hi),, then

. . hk? . - . .
(0] < B8] (1= s ) ()] = [0 = 05 (0)] + i)

Multiplying by k% and summing we see that

11D, = Wollpy, < [hellDy — [[hibkl|D, -

It follows from the above display that in case ||ht)e||p, is not of order h, then the proof of

the proposition amounts to establishing the statement that ||htbe|p, — ||tV ||D, < b2h.
We have
hipe = hip — hap, = hre + hse + hL; ' [Vwo — Qo(To + wo — p)]
+B?Ly T (VY - VT + VT - Vwy + Viwy) — Ea(h)] .
There are three terms in the expression for hi, which must be dealt with explicitly:

These are the r, and s,—terms as well as the term h2V1) - V¥. All other terms can be

handled with straightforward methods. We shall be content with a couple of examples:
_ 2 N
< — Zk4|W |- [No(k)| < hugellYolzo
and
2 A~
WL (Vo - V) lp, = 757 Z . Z laBo(@)] - (k — @)y (k — g)]
%ol L
< ho|[Wollp, - e"™0 &1 (hl|¥ ][ Do)
1
< hvy || W p, - ellollPo hé’l(hbo)
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(The quantity bg is defined in the statement of Proposition 5.1, i.e., ||¢|p, < bp.) The
result is that we may bound (the sum of) all these terms by an hA(h) with A bounded
and tending to some A(O) as h — 0. This leaves — in addition to the r, and s,—terms

— the quantity h?(V¥q - V1)) which we now estimate: Writing 1) = ¥, + 1., we have

(again using IJ}:‘:ILZ < %hl/z)

_ 1 h2k? " R
h2||Lh1(V‘I’O Vo)l p, = 72d Z 11 hk2 lave(q)] - [(k — q)Wo(k — q)|
k.q

11 s o A
< 725" > he(@)To(k — )] - (& — gl + (k — q)*|ql)
k.q
1,1 L 33
< Sh2 { [1Msllp. [ Wollp, + A2 [habellp, b6 [Yollp | - (60)

In the last step we have used ||¢s||p, < by which is admissible since in the derivation
in Proposition 5.1 of ||¢|p, < by we estimated the absolute value of each successive
term the first of which (c.f., Eq. (48)) was exactly .. Thus the bound derived in
Proposition 5.1 actually amounts to the stronger bound |[¢«|p, + [[ellD, < bo. We
acquire an estimate similar to that in Eq. (60) for the ¥,—term (explicitly, Eq. (60)

with 1, replacing ).

We amalgamate our upper bound on ||ht)e||p,:

1hallp, < Ah+ |hre]lp, + [lhsa|lp,

1 1 1 1
+5h? (!W-HDQH‘I’Ollm + hZHh%b-H%J’SH‘I’O\D2>

_l’_

N = N

1 1 1 1
n (rhw*upzu%npl IS TN H%m) . (61)

Let us discuss the term(s) in the last line of the above display: We emphasize that
the last two bracketed terms are identical under the exchange ||y ||p, < ||Ye||D,. If
the bracketed term on the last line (the v, terms) exceeds the corresponding bracketed

term just preceding (that have v, replaced by 1)) then we would immediately conclude
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that ||ve]|D, < ||¥x]|D, and we would be done. Therefore let us assume that this is not
the case.

Moreover, if h¥[[hga 1,62 [ Wollp, > [[7thellp, || o1, » this would imply that [[hal|p,
is of order h, in which case it is no longer important whether or not it exceeds ||ht)y||p,,
so we may assume this is also not the case. Thus, there is no loss of generality if we
proceed under both (negative) assumptions replacing (as an upper bound) the two
bracketed terms in the above display by 2h2 |htbe]| Dy [[¥ollD, - In this way we we arrive

at the tentative estimate
1 -
anllhellp, := (1 =202 Wo|ip,) - |h)ellDy < [|hre]lD, + [[1SelDy + Ah. (62)

Next, we may assume that, as discussed in Claim A1, the quantity pg does not exceed
ah™? since otherwise, automatically, [|hre||p, +|/hse | D, is dominated by 3 |/htb.||p, and
the inequality in Eq. (62) becomes ||hipe||p, < (/Nl + %”‘I’0HD2> a;, ' -h (indeed, we recall
that ki), (k) = %@0(@) which is of the type we wanted. Thus assuming py < ah =/

and using Claim As, our tentative estimate becomes
anllhtbellp, < (Cr+ Co)|[ALy Wollp, + Ah

where A has been modified from A by the addition of (¢, + ¢s).

The conclusion is now inevitable. From Claim As we have that if the first term on
the right of the previous display exceeds ||ht)4||p, then both terms (and hence all terms)
are bounded by a ®Dy—dependent constant times h; otherwise, this term is bounded by

||hiby||p, and we conclude that

Ihbellp, < 0" (Ihllp, + Ah)

and again we have an inequality of the type we wanted when |hiy|p, is relatively

large. O
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To summarize, so far we have the following results for one timestep of the iteration:

Corollary 5.4 Consider Eq. (25) with all elements of D¢ finite. Then there is some
ho = ho(Do) such that for all h < hy:

i) There is a classical (i.e., Dy, which implies the usual €?) solution Ny = e
which s bounded below,;

it) |Y1llp, — [|Wollp, and || N1 — Nolleo are bounded from above by a constant de-

pending only on the elements of Do times h.

Proof. Most of this follows from the above. For i), the existence of a solution U1 = Ny+
ht is given by Proposition 5.1 and the solution is classical by Proposition 5.3; the lower
bound on N7 certainly follows since 1 has bounded Dg—norm by Proposition 5.1. As for
ii), we have by Propositions 5.1 and 5.3 and Cauchy—Schwarz that || U1||p, — || Vollp, <

|h)||p, < bobah; finally, for the L°~bound we have |N; — No| < Ng[e/*o — 1]. O

Under the assumption that the discretization process persists for macroscopic times
(i.e., the order of h™! iterations) we will show that the bounds derived so far also
allow us to establish the needed convergence to the continuum result of Theorem 3.8.
The questions which pertain to the long time survival of the iteration process will be
postponed till the next subsection.

Proof of Theorem 3.8, item (A). As before, we let WU, denote the limiting quantity
which satisfies the appropriate version of Eq. (25)). We will first establish uniform

convergence in the Dy—norm, which may be expressed via

lim sup ||W; — U/|p, = 0. (63)
h—=0¢el0,1)

First, let h; denote a sequence tending to zero (always below hr) where it may be

envisioned that in the above, the superior A — 0 limit is achieved. Let ¢; denote an
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integer (multiple of h) time closest to the time where the h = h; supremum in the
above display is to be found.
(]

It follows from the weak convergence of W,” to W; established in the proof of

Theorem 3.8 (in Section 3.4) that for all ¢ and g,

¥} (q) = / g oM (2)ei doe —s . Uy(2)e'" dz = Uy(q),
TS T

ie.,

Bl (q) = Uy(q).

Now the bound on ||\If£h] ||p, from Proposition 5.3 is uniform in A for h sufficiently small,
and uniform in ¢ for ¢t < T. This gives us a so—called tightness condition: Indeed, if
S 21 (k)] < © then we have that 32, [¥1" (k)| < C/kZ which can be made
arbitrarily small by choosing k¢ sufficiently large. Then by the above convergence of

modes the truncated sum of differences 5, -;. |\i1£h} (k) —W,(k)| tends to zero as h tends

to zero. We can therefore conclude that

. h;
limsup || ¥y; — \IIEJ-J]”DO =0.
j—00

Next we let ¢ = lim;_, ¢, and then the limit in Eq. (63) is seen to be zero by an

application of the triangle inequality:
. . h;
lim ([ — W o, = lim [y — ¥,
j—00 j—00
. (5] (7] . (5]
+ Jlggo H\Iltj] - l:[/t’r] HDO + jli)IgOH\I’th - \IlthDm
where the middle term is zero since from Corollary 5.4, ii) we have that the term of

tj—tt
h;

interest is bounded by [ } - boh; (here [z] is the least integer so that [z] > x).
Finally, since Proposition 5.3 gives uniform boundedness (in h, for h small and

t<T)of ||\ll£h} lp,, together with the above uniform Dy—convergence result, the strong
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Di—convergence follows from the Cauchy—Schwarz inequality:

h h 1/2 h 1/2
10— W p, < (100 — w2 el - w2

5.5 Viability of Iterations

For h sufficiently small, we may envision a few runs of the process. After one step, we
will have an updated version of g in which some of the parameters, i.e., |¥1|p, and
|¥1||p,, have changed; we call these the mutable parameters. And, if h is still small
enough this will allow (even according to the bounds) further iterations of the process.
In any case if k iterations of the process are allowed, let us denote by @Lh} the current

values of the parameters where h < (k — 1)h <t < kh:

h
@1[5 I — {”\I’k—lnDov ”\I’k—lanaUOa <oy U4, HWHDQ}

(This definition is consistent with denoting the original © we started with by D, as we

have done in the previous subsections.) Here, let us introduce the notion of viability:

Definition 5.5. Let @Lh] be defined as above and h considered fized. Then the process
is deemed to be wviable for h if, on the basis of the bounds derived in the preceding two

subsections (not necessarily the actual values)

a) D permits an iteration of the rocess; further, still on the basis of these
t P p

[h]
t+h

(]

estimates for elements of © (i.e., considering the estimates for ®;" to be playing

(h] )

the role of Dy and used to estimate the elements of ©; +h

(b) an additional iteration is possible.

It is noted that by Corollary 5.4, given any ® with finite elements, the process is

viable if h is sufficiently small.However, this is far from what is needed since we must
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consider many iterations of the process at fixed h. The following represents a midway

goal of this appendix:

Proposition 5.6 Consider the setup encoded in Eq. (25) as has been described. Then
there exists a strictly positive T = T(Dg) such that for all h sufficiently small, the
process is viable up till time T, i.e., the elements of Q[Th] allow for continued iteration

of the process.

It is reemphasized that whenever h is small enough so that the above statement

holds, the conclusion pertains to the order of Th™! iterations of the process.

Proof. Let Hy > 0 denote a number which is larger than all the mutable parameters
in ®g — and indeed might be regarded as considerably larger. After an iteration of the
process, assuming h is small enough to allow such, the mutable parameters will in all
likelihood have changed. So let us thus define H(H,h) so that hH is the maximum
upward change of these mutable parameters, according to the bounds derived in Propo-
sitions 5.1 and 5.3, were they all equal to H in the first place. Due to monotonicity

based on inefficiency, it is clear that if in @lEh] all mutable parameters are less than or

[h]

equal to H, then in D,

, none of them exceeds H + hH(H, h). Moreover, again by the
above—mentioned propositions, it is clear that the h — 0 limit of H(H, h) is finite, i.e.,
H(H, h) may be considered to be uniformly bounded in h.

As an explicit example, suppose it were the case that ||[¥o|lp, > ||¥o|D,, then
we set Hy = ||¥¢|lp, and perform the estimates in Propositions 5.1 and 5.3 with Hy
playing the role of both ||¥q|p, and ||¥ol/p,, yielding bounds Hy + hH([)O], Hy + hH([)Z},
respectively. Let us suppose e.g., that Hgﬂ > Hg], then we would set H(H, h) = H([)O}.

In this way we arrive at Hy = Hy + hH(Hg, h).
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Now consider H(2Hy, ) and let h; be small enough so that for all A < h;, pro-
vided all mutable parameters in ® do not exceed 2Hy, the process is still viable. I.e.,

informally, if 2Hg is “small enough for h;, then so is 2Hy + h;H(2H0, h;)”. Finally, let

H} = sup H(2Hy, h).
h<h}

The following is now clear: Starting at ©¢ — with all mutable parameters less than
Hy, and h < hg, we may certainly iterate the above described process to yield Hs, Hs,
etc., until — according to the derived bounds — one of our mutable parameters reach
2H, i.e., some m such that H,, < 2H,H,,11 > 2H. This implies there will be at
least m permitted iterations of the process where m is the largest integer smaller than

h~1H/HL, ie., T > H/HL. O

It might be envisioned that going to smaller and smaller time steps will allow for
indefinite extension of the simulation times. While this is true, and the subject of our
next proposition, this cannot be proved on the basis of the bounds on the process that
have so far been derived. Indeed, on adhering to the above, in the h — 0 limit we
would anticipate the bound on H (which is now considered to be a function of time)

provided by

a
dt

= H(H,0).

However, such an equation may very well diverge in finite time as indeed would a
“more accurate” equation/bound involving all mutable parameters separately. The
needed additional ingredient is provided by the convergence to and the properties of
the limiting Eq. (11).

Since both h and times will be varying in the next proposition, we shall indicate the

former by bracketed superscripts and the latter by subscripts indicating macroscopic
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times. Thus, e.g., \I/,gh] denotes the (piecewise constant) function “¥U” obtained after k

iterations of the process with time step h for time ¢ if we have hk <t < h(k + 1).

Proposition 5.7 Let T > 0 be arbitrary. Then there exists hy > 0 such that for all

h < hp, the process described by Eq. (25) survives at least up till time T, i.e.,

sup max ||@£h}\|oo < 0.
0<h<hr t€[0,T]

Thus we may perform the order of R~ T iterations.

Proof. The proof relies on the fact that the continuous time equation, i.e., Eq. (8)
lasts indefinitely and enjoys smoothing properties. In particular, at positive times the
functions W etc., have their nth derivatives in L!(T¢) for all n ([8]), hence all the
Dp—norms are finite. Of course for the purposes of this proof, we are only concerned
with the Dy through Dy norms and their roles as elements of 2.

Consider T' > 0, our fixed macroscopic time. Let 0 < ty < T(Dg) (as in Proposition
5.6) and t; > T. We define a to be the supremum of the continuous time versions of
the relevant Dy, D1 and Dy norms. If the statement of the proposition were false for
the time 7', then there exists a sequence hy — 0 and a sequence of times () C [0, 7]
such that limy_, ||@g:k] lloo = c0. Let H > 2a be a quantity like that employed in the
proof of Proposition 5.6 and let us define the times T;{(h) and TQﬁH(h):

° T;H(h) is such that at this time, the maximal element of the appropriate ®©, i.e.,
CDULT]r , is less than 2H, but one time step later, some element of C‘D[fﬂr exceeds

o ( Topr (h)+h

2H for the first time in the process;

o TIT_I(h) is such that at this time, the maximal element of ”DU? ) exceeds H,
TH
however one time step prior, all the mutable elements of C‘D[ht] , were below H.
T —

Altogether we certainly have TIT{(h) < T;H(h) + h; it can further be demonstrated
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that in fact T;L(h) — T};(h) is of order unity: Returning to the context of the proof
of Proposition 5.6, let us say that we have h sufficiently small so that uniformly in A
H(H,h) < H; and H(2H,h) < Hpy (so that H; < Hy by monotonicity of the function
H(H,h) in H). Now we certainly have HQT;;HOO < H+hH; and ||®T2T;I||oo > 2H — hH.
Thus if we had chosen h smaller (if necessary) so that 3hHy < H then ||©T}:I(h)+h||oo <
H + hH; + hH(H + hH;, h) < 2H — hHs and so the conclusion follows.

The assumed falsehood of the statement of this proposition implies that these times

exist, are well defined and satisfy

lim sup T;TH <T.
h—0

Thus we have a family of compact intervals [TL (h), T;TH(h)] which, as established above,
are non—empty and of size uniformly bounded below. Let us start by restricting to
a subsequence of h’s — which we will not adorn with further labels — in which the
intersection of these subsequent intervals contains an interval to which we will restrict
our attention. Now, it is emphasized, the totality of all iterations in the subsequence
under consideration is countable.

In the intersection of the above mentioned regions, the iteration process is certainly
viable and hence the convergence result of Theorem 3.8, item (A) may be applied. Le.,

here we have strong convergence to the continuum equation:

lim sup [|W, — ¥/|p, =0 and lim sup ¥, — ¥}|p, = 0.
h=04e0,1) h—=0¢c0,7)

Therefore ||‘112[5h}”D0 and ||\I’£h]||pl converge (along any t; — t,h; — 0 subsequence) to
their continuum values and so, further restricting the subsequence of h’s if necessary,
(]

|’\I/£h]||po, H\IIEh]HDI < 2« for all t and h. However, since something in the ©;"’s must

be greater than H it is evident that we have H\Ill[th}HD2 > H. This implies that these
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objects are not converging strongly in Ds.
Let us summarize the strategy for the remainder of this proof. We will show that
the purported circumstances imply that among the iterative corrections, the dominant

term, by far, is ¢, (c.f., Eq. (55) and Eq. (56)). Thence gl

t+n, 1s given, in essence, by

(\I/[h]

; +h)* which, we remind the reader, enjoys a reduction in all k # 0 Fourier modes.

So, in particular, we will show H‘I]z[t}jr]hHDz < ||\I'l[5h] ||p,, indicating that the time TQﬁH(h) is
never reached, effecting a contradiction. Much of reasoning here will be similar to the
estimations in Proposition 5.3 so we shall be succinct. In what follows, we shall make
statements which, properly speaking hold for all but a finite number of A’s and time
intervals. We shall abbreviate by saying “for all”, automatically going to subsequences
if necessary.

Our first claim is that HL;I(V2\I/£h]) |p, (corresponding to the ¥,—term, c.f., Eq. (55))
is, in essence, indefinitely large. To this end, let Q denote a fixed large number the
necessary size of which will be specified eventually. If, we suppose, that for infinitely

many h’s, the sum for ||\IJ,[;h} |lp, truncated at Q satisfies

A 1
> 1 @) > i
lgl<Q

then since H > 2« this would imply that any limit of \Ill[th} would have Dso—norm in

excess of . Thus we have, without loss of generality it must be the “tail” which

diverges, i.e., for all h and t,

S P ()] > S (64)
lal>Q

Now for all h sufficiently small and Q fixed, it is clear that k%/[1 + hk?] > (3Q)?

whenever k£ > Q and thus |]L}:1(V2\P£h})||p2 > Q?H: Indeed,

2

_ q A 1

1L VD, > 30 1 8 ()] > g QR (65)
la|>Q 1
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This is deemed to be larger than (the bounds on) all peripheral terms which consist
of all terms in v, except the ro, and s, terms and also the ¢, and c¢s terms from
Claim Ajs; all these terms are at most multiples of H. The only possible difficulties
concern the terms ro and s,. According to one scenario, namely pg > ah~2 (c.f., Claim
A; and noting the factor of 2) these terms could only account for half of the term
||L;1(V2\I/£h})||p2 and so (sending Q2 to 2Q? if necessary) the remainder is more than
sufficient for all else.

Otherwise, when py < ah™7 it is recalled (see Claim Aj) the added 7o and s, terms

have Ds—norms bounded by the c¢; and ¢, terms plus the term

(G +C) Y P8 (q).

2
—~ 1+ hq

It remains to bound the terms in the last display. As for the range |q| < go (where we
recall from the proof of Claim Ajg that g¢o = 2(C,+C5)) we may bound the corresponding
contribution of the above by 4(C, + C’S)?’H\Ill[th] |p,. By proper choice of Q, this can be
made to be negligibly small compared to Q>H. In the range qo < |q| < Q, the terms
contributing to HL;I(VQ\I/,W) |p, dominate their counterparts in the above display and
so we may ignore these differing contributions.

This leaves us with |¢| > Q where it may be asserted that

1
> |(59% ~ (G +C)Q| -

q4 — (Cr + Cs)q3
1+ hqg?

The previous expression comes directly from Eq. (59): By Eq. (65), it cannot be the
case that everything is bounded by multiples of H, so in the context of Claim Ag, we
are in the case where ||hyy||p, > (Cr + C2)||hL; " ¥o||p,. This leaves us an overall

excess at least as large as
1 .9 1
(§Q) —(Cr + C5)Q| x iH
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(the last expression comes from the previous display and Eq. (64)). It is thus seen that
for Q chosen to be large enough, the increment for H‘Ill[th] ||p, on each step of the iteration

is negative (we again remind the reader of Eq. (56) and the discussions immediately

following) and so it is indeed the case that le@hﬂm < HQAW D, - O

We can now extend Corollary 5.4 to arbitrary macroscopic times:

Corollary 5.8 Consider Eq. (25) with all elements of Dq finite and let T > 0. Then
there is some hp = hp(Dg) such that for all h < hp and t < T':

ol

i) There is a classical solution Nt[h] = " which is bounded below;

it) [[Wiyn — Willpy < boh;
i11) ||Nt[i]h — M||oo and ||\I/£h+]hHD1 - H‘I/l[th]le are bounded from above by a constant

depending only on the elements of Dy times h.

In the above, the notation Nt[h] etc., is as in the proof of Theorem 3.8.

Proof. With the results of Proposition 5.7 etc., in hand, the proof of i) and ii) follow
mutatis mutantis from the proof of Corollary 5.4 whereas item iii) is simply Proposition

5.1 stated for arbitrary ¢t < T. O

6 Appendix B

In this appendix — which is not essential for this work but is requisite for completeness
— we present the basic properties of the distance function on B x B (particularly that
it actually is a distance). Our result, concerning the realization of the minimization

program defining the distance, is in the spirit of [3]:

Proposition 6.1 For Ny, N; € B, consider D*(No, N1) as in Eq. (17). Then the
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infimum in this equation is achieved by minimizing among velocity fields that are derived

from potentials.

Proof. Let N; denote a path in B from Ny to N; as described in Eq. (17) which we
suppose is driven by fields (V, Q) € ¥ (No,N1):

ON,
aTt FV-(NV) = —Qn,Q.

Now let ¢ denote a velocity potential which also produces the path N; (as in the
derivations following Eq. (17)):

ON;

e V- (N:Vo) — Qn,¢.

Multiplying both of the above by —¢ and integrating by parts, we have, for a.e. t,
((=V9,9),(=V,0))n, = ((=V,9), (V.Q)) .- (66)
Le., the difference between (V, Q) and (—V¢, ¢) is orthogonal to (—V¢, ¢). Now
(V+V¢,Q—-9),(V+Vo,Q—¢))n, = 0.
Expanding the above and using Eq. (66), we conclude

(V,Q), (V,Q)) v, 2 {(=V,9), (=V,¢)) N,

Thence, at least from the perspective of a minimization program, we may restrict

attention to gradient fields. O

Here we establish the so—called indiscernible property of D(-, -) as stated below. In

what follows, we will actually make use of the finite range assumption on W (-).
Proposition 6.2 Let Ny, N1 € B with Ng # N1. Then

D?(Ng, N1) # 0.
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Proof. Assuming D?(Ng, N7) = 0, let Nt(k) be a minimizing sequence of paths in B

connecting Ny and N;. We denote by \I/Ek) the associated driving potentials. By our

assumption, it is the case that e (t) defined by

(4
) ON. k k
() = — /T v do = (v, V), (67)

d
L

satisfies

1
0= lim [ &i(t) dt.

k—o0 0

)

The idea is then to estimate the mass evolution of Nt(k using the equation to eventually
arrive at the conclusion that Ny = Nj.

We start by defining a “localized” mass of N. For z( € ']I‘CLl, let By () denote the
ball of radius a centered at xp where a denotes the interaction radius of W. Let ¢(x)
denote any positive ¢’ function which is identically one on B, (0) and decreases to zero
outside, specifically in B24(0) \ B,(0). For brevity, we use ¢z, (x) := ¢(z — xg). For

N € B we will write

pn (o) == /d Yz, N dx

T7

which, it is noted, is an upper bound on the N-measure of B,(z¢) (and a lower bound
on the N-measure of Bs,(zg)). Moreover, it is noted that py(x) is a continuous
function of x.

For z € T¢, t € [0,1] and k an integer let us abbreviate prk)(m) by per(x). It is
observed that (for fixed k) p;x() is a continuous function on [0, 1] x T¢. Indeed, for

fixed zg we can estimate the evolution of p; ;(x9). We have

d k
k(o) = (VY. Veor,) v

so that by Eq. (67) and Cauchy—Schwarz,

1

‘ < NV s Vo) g0 (65)

‘dtpt,k(xo)
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for a.e. t. We now examine

k
(Vo Voo = | NO1T00 P+ Ay, o

L

As for the gradient term, let us write |V|? < gyt for some constant g, and so
k
/ Nt( )‘V90x0|2 dx < 9y * Dt k-
Ty,
For the second term, we first claim that
1y, 1
Oy < ezlh—wnl. 5(1 + N).

Indeed, writing Qy = N 3 sinh(%CI) N)/ %<I> N<N 3 cosh %q) ~, the result follows imme-

diately. Also, for N fixed, we have

lwn (w0)| < wo - pn(20),
with wg being the €°—norm of W. Indeed,

lwn (z0)| =

/Td W(xo — y)Ne(y) dy

< [ 1W a0~ 9)|Nily) dy < o [Ba(ao)

T7

and we conclude by recalling that py(xo) is an upper bound of N;[B,(z)]. The

previous two observations then yield the preliminary estimate

J

1
Q]v(k)gpio dx S 2/ e%‘u_le . (1 + Nt(k))soz‘o dr
t

d d
L TL

T

d
L

N

Now, consider Iy defined by

Iy := max pg j = max Noypy dx
zeT? zeT§ JTd

which is manifestly independent of k. It is clear that for any given x if we define

t(x) == sup{t € [0,1] | pr4(z) < 210}
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then ti(aﬁ) > 0 (indeed, we have the above explicit bound on | £p; x|). Moreover, it can

easily be established using the continuity of py.(-) that

b, : f
t1. = lnf th (x
k 161% k( )

is strictly positive. But a prior: tz; is not necessarily uniformly positive in k; notwith-
standing we will show, under the hypothesis D?(Ng, N71) = 0, that for all k sufficiently
large, ti = 1.

Indeed, provided t < ti, we may estimate the final term in the estimate prior to

the definition of I as follows:

J

for finite constants ¢ ...c3 which do not depend on k or t. So, recalling Eq. (68), we

11
2 - —|,u|+w010
QNt(k)QOxO dr < 2e2 /

A+ N2 de < cre(es+To) (69
T

d
L L

may write, for t < t?c,

N

Prt(70) < pro(wo) + [ealy + c162(c5 + Ip)]

'/Otfk(s) ds,

with ¢4 similar to the above ¢’s corresponding to the |V,,|? term. It is also noted
that the first term on the right is independent of k£ and bounded by Iy. Next let v be

defined by

1 1
[6410 + 016021O (c3 + Io)] 2. / er(t)dt := i1y
0

where it is noted that the upper limit of the integration is ¢ = 1. We have, for all k
sufficiently large that v < 1 (since limg_, 0 fol £2(t) — 0) and we have at ¢t = tz that

for any =z,

Prg < To(1+ k) < 2o

which necessitates ti =1.
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We note from Eq. (69) that Qy, , is bounded by %e%""ewolo(l + Ni i), i.e., for any

positive (and, e.g., €?) function f,

1
/ﬂ‘d QNt,kf dx < ie%‘#‘ewofo /}rd (1 + Nt,k)f dx.

L L

In particular, with f = 1 we find that the total mass M satisfies the differential
inequality

dM j,
dt

N|=

= /d Qn, Vg dr < eilulgzwolo [Ld + Mt,k} “ex(t).
’]TL

1
V2
Since t?c = 1, certainly p;p(xz) < 2Ip, so we have that e.g., M) < 2% - 21,.

Therefore, defining 9y, := fol ek(t) dt < v (and so ¥ — 0 as k — oo) we learn that
M <M + ¢ - Uy, (70)

where ¢ is another constant depending on Ny, the total volume and other particulars
but is independent of k£ and ¢.

The proof is now easily finished. Let 1 denote any 42 function. Then for any k,

J

The right hand side can easily be bounded:

1
(No — Ny da: :/ (VUkt, Vi, , dt.
0

d
L

1
/ (Vs Vi), , dt = / (V- V)N, + / Qn, Uyn dadt
0 T4
1

1 1 1
27y - 2k() + Inllgo [+ M| * - ei(t).

<|n
Eq. (70) gives the necessary bound for M ; and so letting k¥ — oo, we learn [ dNy =

f 1 dNN7 which, since 7 is arbitrary, establishes Ny = Ny O

Theorem 6.3 The function D(-,-) defines a distance on B.
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Proof. Let Ny, N1 € B. To help with the abbreviation of the forthcoming, let us name
by E the functional whose infimum produces D(Ny, N1). By Proposition 6.1 we may
regard potentials as the arguments of this functional:

1

1
E2(Q) = B, x, (Q) = / (VQ,VQ), di = / / NIVQP + O, Q dudt
0 o JT1¢

where it is noted but notationally suppressed that —VQ € ¥ (Ny, N1) (where ¥ is as
in Eq. (17)). We may also make the trivial addition of allowing the potential to achieve

N; at times T other than t = 1 in which case the functional becomes

T
E2(Q) =T / (VQ,VQ)n, dt.
0

Beyond the indiscernible property established above, we must show that D(Ny, N1) =
D(N1, Ng) and establish the triangle inequality. The first follows immediately from
“time reversal symmetry”; e.g., on [0, 1], ' = 1—t, K(t') = —Q(1—t') gives II:'T?VOJV1 Q) =
IE?VL ~, (/) and the result follows.

As for the triangle inequality, we shall be as succinct as possible since the result
follows a transcription of the standard derivation from Riemannian geometry. When
the time interval is [0, T'], we define E(Q) by taking the square root of the integrand in

the definition of E2(Q):

T
E(Q) = /0 (VQ,VQ)n, dt.

We denote the corresponding minimized object by ID(Ng, N7). It is noted that E(Q) is

completely invariant under the full set of time changes: If ¥(7) = % and
t—=7(t), Q) — K(r)=19(1)- Qt()),
then E(Q) = E(K) with K driving Ny to N; on the interval [0, 7(T")].
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By convexity we have E2(Q) > E*(Q) and so D?(Ny, Ny) > D?*(Ny, N1). On the
other hand, defining
E, = /0 t<<VQ,VQ>>]%Vt, ', t<T,
and reparameterizing with

~1
F—r()=E. K()- l(dﬁ) <t<¢>>] QU(r),

it is seen that in the new variables, all integrands are identically one and so we have
Ep (T)
EXQ) = EXK) =E(K) [ dr=1(T) [ ([VK.VK)x, dr =EX(K),
0 0

Taking the infimum over K’s (or @Q’s) we arrive at D(Ny, N;) = D(Np, N1). The
triangle inequality is immediate since given Ny, N1, No € B we can attempt to minimize
Ep, n, () by considering paths which visit V1 on the way to N2 and so we conclude

that ]D)(N(),Nz) < ]D)(N(),Nl) +D(N1,N2). ]
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